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Abstract

In recent years, performance-based contracting (PBC) has emerged as an e¤ective means to man-

age relationships with suppliers who provide services for maintenances of high-valued products. It

has been documented that PBC promotes improvement of product reliability, a key determinant of

product performance and overall cost. However, nontrivial challenges exist in a typical supply chain

where multiple suppliers design and provide services for distinct subsystems and where product re-

liability is largely set in an early product development phase. We identify a source of ine¢ ciency in

this environment that leads the suppliers to underinvest in reliability. Using PBC neutralizes such

ine¢ ciency, but unexpectedly, it results in an overinvestment in reliability. Interestingly, long-term

supply chain cost is reduced when PBC is combined with cost-sharing contracts, counter to the com-

mon belief that �xed-price contracts are more e¤ective in reducing costs. Our �ndings suggest that

optimal contracts critically depend on complexity of a supply chain structure.

1 Introduction

For �rms designing and selling high-valued and customized products that generate continued usage over

a long time horizon� products such as industrial machinery, communication/computing equipment,

and aircraft� after-sales product support is not an afterthought; instead, it is a main source of revenue

stream. For example, GE Aviation, one of the major aircraft engine providers, forecasted in 2009

that 75% of its $85 billion in revenue would come from after-sales services such as spare parts sales and

repairs, up from 65% in 2007 (Glader 2009). Concurrently, procurement of these services has increasingly

become a cost burden to customer organizations such as U.S. Department of Defense (DoD). In 2008,

DoD expenditure for product support reached $132 billion (DoD 2009).

One of the unique features of this aftermarket business environment is that there is little competition

for service provisioning of a given product. This is because it is typically only the original equipment

manufacturer (OEM) who possesses intimate knowledge of its complex and customized product and
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who can provide services for it. In essence, the customer of the product has to rely on the OEM

throughout the product life cycle, from initial design to after-sales maintenances. Due to such a high

level of dependency, there is an inherent misalignment of incentives between the customer and the OEM.

Namely, whereas the customer prefers a reliable product that does not cause signi�cant downtimes,

the OEM may not necessarily value product reliability to the same degree; not only does reliability

improvement require a costly investment, but it also negatively a¤ects the OEM�s pro�tability since his

repair and maintenance business shrinks with a lower frequency of product malfunctions.

As reported in other studies (Kim et al. 2011, Guajardo et al. 2011), such a con�ict may be

mitigated via use of performance-based contracting (PBC). Under PBC, the customer compensates the

OEM based on actual service output (e.g., product uptime or availability), instead of the resources

consumed to repair and maintain the products, such as spare parts and labor. It has been argued

that this approach lowers the overall cost and enhances product performance. PBC has gained wide

attention and intense scrutiny over the past few years as it became the standard method by which

after-sales service outsourcing is managed, especially in the aerospace and defense industry and in

government procurements (see O¢ ce of Management and Budget 2007, Government Accountability

O¢ ce 2005, 2008).

Conceptually, it is not di¢ cult to understand why PBC promotes reliability improvement. As the

OEM is paid in proportion to product uptime under PBC, designing a product that does not fail often

and hence reduce downtimes helps increase his revenue. In fact, incentives can be perfectly aligned

under PBC in certain settings (see Kim et al. 2011). Guajardo et al. (2011) empirically validate

this hypothesis using maintenance data provided by an aircraft engine manufacturer. They �nd that

the mean time between unscheduled removals, a proxy for reliability, is 25-40% larger for the engines

managed under PBC compared to those under the traditional time and material contracts.

While this basic intuition is clear, several important operational details complicate the picture. First,

for the types of products we described above, it is rare to have only one OEM providing a comprehensive

after-sales support for the entire product. This is because the end product (�system�) is composed of

major components (�subsystems�) built by independent suppliers, who provide distinct and customized

services to support their subsystems. For example, an aircraft consists of engines, avionic systems,

landing gear, etc., and few examples exist where an aircraft manufacturer provides support services for

all of them. Aligning incentives across all members in such a multi-indenture supply chain is challenging,

especially since the suppliers�individual decisions to enhance their own subsystems at lower costs may

interact with one another�s, jointly a¤ecting the cost and performance outcome of the entire system.

Second, the majority of e¤orts to improve reliability of a subsystem and to reduce overhead costs

are made in an early product development phase, whereas product support planning commences late
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in the process. Reliability improvement and cost reduction opportunities arise more readily during

product development, when product architecture is not yet �nalized and suppliers weigh options for

technologies to be adopted in their subsystems. As O�Conner (2002) put it, �... nearly every failure

mode experienced in service is worth discovering and correcting during development, owing to the very

large cost disparity between corrective action taken during development and similar action once the

equipment is in service.� On the other hand, decisions on spare subsystem inventories (which is the

most expensive source of expenditure for maintenance services) are typically made after product testing

is complete and initial estimates of product failure rates become available. Therefore, major decisions

that determine long-term costs and system performance are made sequentially over time.

These two real-world complications, i.e., presence of multiple suppliers and intertemporal decisions

on reliability improvement, cost reduction, and spare inventory, create aftermarket incentive dynamics

that have not been investigated before. This paper �lls this gap in the literature by proposing and

analyzing a stylized model that captures the most important aspects of this environment, focusing on

the consequences of employing PBC as the product support service contracting strategy.

In our model we consider two types of support contracts that di¤er by the customer�s ability to

directly control the suppliers�spare subsystem inventory decisions. When quantity contracts are used,

the customer can specify a spare stocking level in a contract. With performance contracts, on the other

hand, the customer instead speci�es penalties for system downtimes caused by individual subsystems.

The suppliers make reliability improvement, cost reduction, and spare inventory decisions over two

stages. The customer devises optimal contract terms to minimize her cost and at the same time satisfy

a service level requirement, de�ned by the system availability target (e.g., system availability should

be greater than or equal to 95%). The customer and the suppliers make these decisions under the

cost sharing arrangements that are in place since their relationships began; cost sharing (which include

�xed-price contract as a special case) is included in our model as it is ubiquitous in large projects that

involve product developments, the setting we study.

We �nd that the suppliers tend to underinvest in reliability improvements than an integrated supply

chain would when quantity contracts are used, i.e., when reliability decisions are made independently

by the suppliers but spare stocking levels are set by the customer. This underinvestment problem is

exacerbated as more suppliers are present, i.e., as complexity of the supply chain increases. Employing

performance contracts instead eliminates such an ine¢ cient outcome, but, they turn out to be too

e¤ective; the performance contracts in fact create excess incentives, resulting in an overinvestment in

reliability. While high reliability brings obvious bene�ts, the problem is that it is not cost-e¤ective.

Interestingly, the overinvestment problem is mitigated when there are a large number of the suppliers�

exactly the opposite result of what we found under the quantity contracts. In addition, we �nd that

3



performance contracts should be combined with partial cost reimbursements in order to minimize the

supply chain cost, whereas quantity contracts work best in combination with �xed-price contracts.

This conclusion counters the common belief among practitioners that �xed-price contracts are always

preferred for the purpose of cost reduction when risk sharing is not a concern. Overall, our �ndings

suggest that supply chain e¢ ciency and optimal choice of product support contracts critically depend

on complexity of a supply chain structure.

2 Literature Review

Our model builds on the classical multi-echelon, multi-indenture service parts inventory management

models, pioneered by Sherbrooke (1968) and further developed by Muckstadt (1973), Graves (1985),

Cohen et al. (1989), and others. See Nahmias (1981) for a comprehensive review of the early literature

and Sherbrooke (2004) and Muckstadt (2005) for recent developments. We do not explicitly consider

the multi-echelon structure in this paper since our primary focus is learning how di¤erent suppliers

interact in a multi-indenture supply chain.

To add the elements of contracting and joint decision-making in a decentralized environment, we

employ the standard game-theoretic frameworks. In this regard our model is closely related to the works

in the operations management (OM) literature by Wang and Gerchak (2003), Bernstein and DeCroix

(2004), and Zhang (2006), who investigate supply chain contracting in assembly systems in which, like in

our model setting, system performance depends on the decisions made by multiple suppliers. However,

all of these works study the coordination issues that arise in production environments, not in a product

support service context. To the best of our knowledge, an analysis of contracting in a multi-indenture

service supply chain has not been done prior to this research. In particular, we are not aware of any

work in the OM literature in which the service level requirement constraint plays a key role in shaping

the inter-�rm incentive dynamics, as our analysis reveals.

In its focus on product reliability, this paper shares a similar theme as that of Varian (2004), who

studies the free riding problem that arises when system reliability depends on the e¤orts of many

individuals. However, the real-world operational details that we capture here generate the insights that

are signi�cantly di¤erent. Our model is also unique in that its timeline encompasses the entire product

life cycle, from initial product development to after-sales product support. In this regard, it is related

to the new product development literature (see Krishnan and Ulrich 2001 for a review) and a small

number of papers that analyze joint decisions in the pre- and post-sales stages (e.g., Cohen and Whang

1997).

The paper that comes closest to ours is Kim et al. (2007). Although there are overlaps in moti-
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vations and model assumptions, the focuses of the two papers are very di¤erent. Kim et al. (2007)

evaluates �xed-price, cost-plus, and performance-based contracts in a standard, single-stage principal-

agent framework, highlighting the role of risk sharing while focusing mostly on a one customer-one

supplier setting. In contrast, this paper studies a two-stage sequential game played by multiple risk-

neutral suppliers that creates a signi�cantly di¤erent incentive dynamics and insights. Additionally,

Kim et al. (2007) do not consider the trade-o¤ among product reliability improvement, cost reduction,

and spare inventory which is a key feature of our model. A recent paper by Kim et al. (2011) studies the

interaction between reliability and inventory decisions, but neither the multi-indenture structure or the

intertemporal nature of the two decisions is present in their model. Instead, they focus on an optimal

allocation of spare asset ownership between a customer and a supplier who interact in a relatively short

time horizon. A long-term perspective that includes the product development stage is a unique feature

of this paper. These three works o¤er non-overlapping managerial insights that can be applied to

various product support business settings, and as such, they complement one another.

3 Model Assumptions

3.1 Supply Chain Structure and Decisions

We consider a supply chain that consists of one customer and n suppliers. The customer operates a

�eet of products whose value is derived from their continued usage. The �eet consists of N identical

systems, each of which is assembled from n distinct subsystems. We assume that each system contains

one unit of each subsystem. Subsystem i is designed, manufactured, and serviced by supplier i (�he�).

We assume that supplier 1 is also a system integrator, i.e., he assembles n subsystems into a system and

delivers the �nal product to the customer, in addition to manufacturing his own subsystem. Although

the customer delegates manufacturing and product support to the suppliers, she has an upper hand in

contract negotiations and o¤ers contract terms to the suppliers. All supply chain members are assumed

to be risk neutral.

The timeline is divided into Stage 1 and Stage 2. In Stage 1 the suppliers engage in R&D of their

subsystems, and during this time they exert e¤orts to enhance subsystem reliabilities and to reduce �xed

overhead costs. These are the two most signi�cant activities which take place in the development stage

of a new product that impact the long-term product cost and performance. Reliability improvement

e¤orts are denoted by r � (r1; :::; rn) and cost reduction e¤orts are denoted by a � (a1; :::; an). Both

subsystem failure rate and �xed cost of a subsystem are uncertain in this stage, but the uncertainties are

resolved at the end of Stage 1 after the e¤orts have been made. This assumption re�ects the common

reality that the estimates of these parameters are extremely di¢ cult to predict while new products are
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being developed, but they become more precise over time.

After observing realized subsystem failure rates, at the beginning of Stage 2, the suppliers set

the stocking levels s � (s1; :::; sn) of subsystem spares and start production. After productions are

completed, supplier 1 assembles the subsystems into N systems and deliver them to the customer, who

in turn commences value-producing operation using them. Spares are repairable items, which do not

get discarded upon failure but instead are repaired and restored back to working conditions. Hence, in

total, supplier i produces N + si units of his subsystem, corresponding to N units installed in the �eet

of systems and si spare units. These units cycle through the �eet-repair-inventory loop while the �eet

is deployed.

During the customer�s �eet operation, the systems occasionally experience outages due to imperfect

reliability of the subsystems. A failure of a subsystem causes a shutdown of the system that contains

the defective unit, unless a spare unit can be pulled from inventory to replace it. If no spare exists

in inventory, then a subsystem failure is followed by system downtime, and consequently the system

availability falls below 1. System availability is de�ned as the fraction of time that the systems are

operational during �eet operation, and A0 denotes its expectation. A0 is determined by the subsystem

reliabilities and spare stocking levels. System availability is realized at the end of Stage 2. For simplicity,

we assume that �nancial transactions between the customer and the suppliers are made at the end of

Stage 2, when the supply chain relationships terminate. To focus on reliability improvement, cost

reduction, and spare inventory decisions, we assume that variables such as the system price and the

�eet size N are �xed and made prior to Stage 1.1

3.2 Subsystem Backorders and System Availability

We assume that subsystem failures in Stage 2 occur according to Poisson processes. Let �i be the

composite failure rate of subsystem i, i.e., the sum of the identical failure rates of N copies of subsystem i

installed in the �eet of systems. Its reciprocal � i � 1=�i is the mean time between failures (MTBF), which

measures subsystem reliability. One-for-one base stock policy is used for spares inventory management:

as soon as a subsystem installed in a deployed system fails, it is immediately replaced by a working

unit in inventory, if one exists. The defective unit immediately enters into a repair facility operated

by the supplier who provides a repair service of the subsystem he manufactures. Each repair facility is

modeled as a queue. If there is no spare unit in inventory at the time of failure, a backorder is logged

until a working unit becomes available after a repair is completed. All N + si copies of subsystem i

1 In many real-world situations the �eet size N is indeed �xed for the duration of a project, as we assume in the model.
For example, the total number of units of F-35 Joint Strike Fighter that DoD set out to procure from Lockheed Martin
has remained constant at 2,457 since the initial plan was made in 2003 (GAO 2010).
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cycle through the inventory, the �eet, and the repair facility. These assumptions are standard in the

spare parts inventory management, and we adopt them in this paper.

To facilitate a tractable analysis of the multi-stage game featured in our model, we make a few

simplifying assumptions. First, we assume that each repair facility consists of a single server whose

repair lead time is exponentially distributed with a �xed mean li. In other words, a repair facility is

represented as an M/M/1 queue. Second, we conduct an asymptotic analysis by assuming that the �eet

size N is very large (e.g., thousands of units) while subsystem failures occur relatively infrequently so

that the number of systems that are down at any point in time during �eet operation is su¢ ciently large

but orders of magnitude smaller than N (the precise condition is found below).2 This allows us to apply

a continuous approximation to si as well as the geometric distribution that arises from the M/M/1

queue model. This assumption greatly simpli�es the analysis, which becomes intractable otherwise.

A similar assumption is found in Caldentey and Wein (2003), who model the production system as a

M/M/1 queue in the heavy-tra¢ c limit. In Section 7.1 we discuss the consequences of relaxing the

single-server assumption.

The key variable that determines subsystem performance is Oi, the steady-state random variable

representing the number of defective units of subsystem i being repaired or waiting to be repaired in the

repair facility. Under the assumptions outlined above, Oi is exponentially distributed with the mean

(� i=li � 1)�1. The subsystem failure rates, hence their inverses � � (�1; :::; �n), are random variables

whose values are realized at the end of Stage 1. Reliability e¤ort ri increases the mean of � i. To enable a

tractable analysis while obtaining essential insights, we assume that uncertainties in � i�s originate from

a common shock �. This assumption is especially relevant in the cases where the most signi�cant source

of uncertainty is the operating environment in which the systems will eventually be used. For example,

frequent landings and take-o¤s of an aircraft �eet increase stresses on all subsystems, subjecting them to

higher failure risks; if it is ex-ante unknown whether the aircraft will be used primarily for short-range

or long-range operations, this uncertainty presents a common, highly correlated shock.3 We assume

that the distribution of �, de�ned on the �nite support [�; �], is common knowledge.

For parsimony, we choose a scale of reliability improvement e¤ort so that ri and � i are linearly

related as � i = li(1 + ri=�). As it becomes clearer below, this functional speci�cation greatly simpli�es

analysis and exposition. To ensure that the problem is well-de�ned and to avoid discussion of corner

solutions which unnecessarily complicates the exposition, we assume that ri is de�ned on a closed

2Such a scale di¤erence also allows us to assume that the realized subsystem failure rate �i (hence � i) can be approx-
imated to be a constant, despite the fact that �i is state-dependent in general. (This is a common assumption found in
the service parts inventory management literature; see Sherbrooke 2004, Muckstadt 2005.)

3 In reality, subsystem-speci�c shocks also a¤ect the subsystem failure rates. While incorporating these idiosyncratic
shocks does not fundamentally change the main insights of the paper, it substantially increases complexity of the analysis
as the suppliers�optimal decisions then depend on n random variables instead of one. See Section 7.2 for more details.
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interval [ri; ri] and that the condition N
�1 � ri=� < ri=� � 1, 8i is satis�ed. The aforementioned

continuous approximation is valid under this condition.

Subsystem performance is measured by the number of backorders realized at the end of Stage 2. This

is because backorders cause system downtimes; a system is down if and only if a spare of the a¤ected

subsystem is backordered and unavailable in inventory to replace the defective unit. (See Kim et al.

2011 for more details on this.) In expectation, system performance is related to subsystem performances

as

A0(r; sj�) = 1�
1

N

nX
k=1

Bk(rk; skj�); (1)

where Bk(rk; skj�) is the expected backorder, which decreases in both rk and sk. (Note that Bi(ri; sij�) is

a random variable in Stage 1 as � is uncertain then.) Under the assumptions outlined above, Bi(ri; sij�) =
�
ri
e�risi=�. According to (1), in steady state, there is a one-to-one correspondence between the sum of

expected subsystem backorders and the expected system availability A0.4 This relation o¤ers a simple

intuition on how each supplier�s stocking level decision a¤ects system performance: by increasing the

stocking level of the subsystem a supplier manages, he lowers the expected subsystem backorder, which

in turn increases the expected system availability.

3.3 Cost Parameters

Supplier i incurs an e¤ort cost  i(ri) for improving subsystem reliability, where  i(ri) satis�es  
0
i(ri) > 0

and  00i (ri) > 0 for ri > ri and  i(ri) =  0i(ri) = 0 for ri � ri. Also, he incurs an e¤ort cost �i(ai) for

exerting an e¤ort ai to reduce his �xed cost, where �0i(ai) > 0 and �
00
i (ai) > 0 with �i(0) = �0i(0) = 0.

We choose the scale in which ai � 0 is equal to the reduced dollar amount. Hence, the �xed cost is

de�ned as Ki � ai + �i, where Ki > 0 is a constant and �i is a random variable with zero mean that is

realized at the end of Stage 1. �i�s are assumed to be uncorrelated. The unit cost of subsystem i is ci,

and therefore, supplier i�s production cost is equal to ci(N + si).5 Summing up, supplier i�s total cost

is  i(ri) + �i(ai) + Ci (ai; sij�i), where Ci (ai; sij�i) � Ki + ciN � ai + cisi + �i is the total operating

cost that is counted toward his accounting record. The e¤ort costs  i(ri) and �i(ai) are not necessarily

quanti�ed in monetary terms, and they are not subject to appraisal. (This assumption is standard in

the literature; see La¤ont and Tirole 1993, Kim et al. 2007.) The e¤orts are discretionary and are not

observed by other parties, precluding a possibility of contracting based on them. Other cost parameters,

4The additive relation is in fact a �rst-order approximation, which is permitted under the previously stated assumption
N�1 � ri=� < ri=� � 1. It is valid in practical situations where it is relatively uncommon to have two or more distinct
subsystems installed in the same system down simultaneously (see Muckstadt 2005).

5By modeling ci�s to be constants, we assume that cost reduction e¤ort does not apply to the unit costs. This is a good
representation of many product development projects in which the majority of cost reduction bene�ts come from �xed
overhead costs. Kim et al. (2007) employ the same assumption.
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including the distribution of � � (�1; :::; �n), are assumed to be public knowledge.

3.4 Contracting

Consistent with the observations of practice, we assume that the customer agrees to reimburse a portion

of the costs borne by the suppliers. Cost sharing is widespread in the settings where suppliers are

commissioned to develop new products for a customer, and they are especially common for government

procurement. Many studies have analyzed cost-sharing contracts from the perspective of optimal risk

sharing (e.g., La¤ont and Tirole 1993). We use the notation �i to represent the fraction of supplier

i�s operating cost Ci (ai; sij�i) that the customer reimburses him with, after �i is realized. Hence,

supplier i internalizes only the fraction 1� �i of his operating cost. To streamline analysis, we use the

convention that �i is de�ned on the open unit interval (0; 1). Under this de�nition, �xed-price contract

and full-reimbursement contract correspond to the limits �i ! 0 and �i ! 1, respectively. In order to

highlight the suppliers�optimal decisions on reliability and cost reduction, in the main part of the paper

(Section 5) we assume that all suppliers have participated in the trade and that � � (�1; :::; �n) is �xed.

Subsequently in Section 6 we consider optimal � chosen by the customer.

The customer�s goal is to minimize her expected cost while satisfying the predetermined system

availability target required for �eet operation. This problem formulation is standard both in the litera-

ture and in practice (e.g., Sherbrooke 1968). The cost minimization objective is especially appropriate

for such customer organizations as DoD, who works under the federal budget and is mandated by the

Congress to minimize spending. The system availability requirement is expressed as the constraint

A0 � �, i.e., the expected availability should be greater than or equal to the target value �.6 Using (1),

we can express this requirement as the following equivalent constraint

nX
k=1

Bk(rk; skj�) � �; (2)

where � = (1 � �)N is the target system level backorders. We assume a small value of � such that

� < �=ri, 8i; this is satis�ed whenever the customer requires a su¢ ciently high system availability

target. This condition allows us to rule out trivial corner solutions (i.e., si > 0 in equilibrium). Notice

that (2) should be valid for any realization of �.

To ensure (2), the customer has to reserve a su¢ cient number of subsystem spares. Since s is

set by the suppliers, this task is done via contracting, and we consider two types of contracts based

6The availability target � may be uncertain in an early stage of product development, re�ecting uncertain usage of the
systems during deployment, but we assume that it is a known constant. Extending our model to include random � is
straightforward.
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on contractibility of s. In the �rst case the customer can observe and verify the stocking levels, and

therefore, she is able to write contracts that specify the desired level of s: we call these quantity

contracts (QC). In the second case the stocking levels are unobservable and unveri�able, and as a

result, the customer instead o¤ers performance contracts (PC). A PC is designed to incentivize each

supplier to voluntarily increase spare stocks, and it accomplishes this by charging a penalty vi to a

supplier per realized backorder of his subsystem. Hence, the expected amount of penalty is proportional

to the expected backorder, i.e., it is equal to viBi(ri; sij�). The linear penalty-based performance

contract is widely observed in practice and has been adopted in other studies (Kim et al. 2007, 2011).

Levying a penalty for backorders is equivalent to penalizing a supplier in proportion to the system

downtime attributed to that supplier�s subsystem, since a system is down whenever one of its subsystem

is backordered.

The contract terms in QC and PC are not determined until after subsystem failure rates are realized,

that is, until the start of Stage 2. Otherwise, i.e., if the customer does not postpone the decisions and

instead commits to contract terms in Stage 1, the customer is not able to �ne-tune the spare stocking

levels, creating ine¢ ciency and potentially violating the backorder constraint (2) after � is realized. This

assumption is consistent with practice, in which spare parts inventory planning is typically initiated at

a late stage when product testing has been completed and �rms gain con�dence in their estimates of

product failure frequency and other relevant parameters that may impact system performance during

operation.

4 Benchmark Cases

4.1 Equivalence of Support Contracts Under Known Failure Rates

Before analyzing the model described in the previous section, we brie�y consider a hypothetical situation

in which � is not random, i.e., when the failure rates are perfectly known in Stage 1. In this case, the

customer does not need to delay o¤ering QC or PC terms. Since the failure rates are known from the

start, she has all necessary information to optimally structure the contract terms before the suppliers�

e¤ort choices are made. Thus, it is optimal for her to o¤er the terms at the beginning of Stage 1, and as

a consequence, the problem turns into that of the static principal-agent setting in which the customer

moves �rst anticipating all subsequent moves made by the suppliers.

It is straightforward to show that optimal QC and PC are equivalent in this case. That is, regardless

of whether she explicitly speci�es the required spare stocking levels or uses performance-based incentives,

the customer�s optimal contract terms will lead to identical e¤ort levels r and a and the stocking levels

s. This equivalence is well-known and is driven by the risk neutrality assumption; in the absence of

10



the trade-o¤ between risk protection and incentives, a contract based on realized performance outcome

replicates a contract based on e¤orts. As we show below, the equivalence breaks down when failure

rates are uncertain, which necessitates the customer to postpone the contract term decisions with the

intention of �ne-tuning them after observing realization of �.

4.2 Integrated Supply Chain

We �rst establish the benchmark by studying the case where the supply chain is assumed to be integrated

as a single �rm. Using backward induction, we start with the Stage 2 problem of determining the optimal

subsystem spare stocking levels (s1; :::; sn). At the time of this decision, the e¤orts r and a have been

set and the uncertainties in � and � have been resolved. The integrated �rm�s Stage 2 objective is to

minimize the total spare production cost subject to the system-level backorder constraint (2):

(B2) min
s

nX
k=1

cksk subject to
nX
k=1

Bk(rk; skj�) � �:

The optimal solution is as follows.

Lemma 1 In Stage 2, the system backorder constraint binds at the optimum. The optimal spare stocking

level of subsystem i is

si(rj�) �
�

ri
ln

 
�

�ci

nX
k=1

ck
rk

!
: (3)

The resulting expected subsystem backorder is

Bi (r) �
ci=riPn
k=1 ck=rk

�: (4)

As is apparent from (3) and (4), the optimal stocking levels and the expected backorder of subsystem

i are functions of not only ri, reliability improvement e¤ort made by supplier i, but also of all other

suppliers: r�i � (r1; :::; ri�1; ri+1; :::; rn). This dependency originates from the system-level backorder

constraint (2); it is the sum of expected backorders of all subsystems, not of a single subsystem, that

is constrained by the upper bound �. As a result, an externality exists among the subsystems. We

explore the nature of this externality in detail in the next subsection.

The equation (4) o¤ers a simple rule on how the system-level backorder target � should be allocated

among the suppliers. The customer assigns a fraction of � to subsystem i in proportion to the ratio

�ci=ri, which represents the failure rate-weighted unit production cost of subsystem i. (Note that

�=ri = (� i=li � 1)�1 increases with the failure rate and that the common factor � cancels out in (4).) This

allocation rule makes intuitive sense. Since it is more expensive to acquire and maintain a subsystem
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that has a higher unit cost and fails more often, it is cost-e¤ective to assign that subsystem a less

stringent availability requirement, or equivalently, a larger portion of the backorder target �. This is

essentially the logic behind the greedy algorithm used for spare parts provisioning (Sherbrooke 2004),

and (4) expresses this rule as a simple closed-form equation, enabled by the exponential distribution

assumption.

Having derived the optimal spare stocking levels, we now move backwards and solve the Stage 1

problem. At the time e¤ort decisions are made in Stage 1, subsystem failure rates and the �xed costs

are uncertain. Anticipating the results outlined in Lemma 1, the integrated �rm choose r and a that

minimize the expected long-term supply chain cost:

(B1) min
r;a

	(r; a) �
nX
k=1

fKk + ckN +  k(rk) + �k(ak)� ai + ckE [sk(rj�)]g :

The solution is summarized in the following proposition.

Proposition 1 The objective 	(r; a) in (B1) is convex. The optimal cost reduction e¤orts aI �

(aI1; :::; a
I
n) satisfy 1 = �0i(ai);8i, while the equilibrium reliability improvement e¤orts rI � (rI1; :::; r

I
n)

are found from the system of equations

E [� ln �]

E [�]
+ 1 + ln

 
1

�ci

nX
k=1

ck
rk

!
=

r2i
E [�] ci

 0i(ri); 8i, (5)

4.3 Impact of Reliability Improvement: A Sensitivity Analysis

The optimality condition (5) clearly shows that reliability improvement e¤ort decisions are not indepen-

dent from one another. Before turning to the analysis of contracting in a decentralized supply chain, we

conduct a sensitivity analysis to better understand the full impact of varying the e¤ort ri on inventory

decisions and performance outcomes. For expositional clarity, in this subsection we assume that � is

�xed and suppress the conditional argument (�j�).

The key to understanding this dependency is the shadow price � associated with the backorder

constraint in the Stage 2 problem (B2). It represents the marginal cost savings achieved by relaxing the

backorder constraint by one unit. We can rewrite the optimal values of si and Bi derived in Lemma 1

using �(r), the shadow price evaluated at the optimum (see the proof of Lemma 1 in the Appendix):

�(r) =
�

�

nX
k=1

ck
rk
; si(ri; �(r)) =

�

ri
ln
�(r)

ci
; Bi(ri; si(ri; �(r))) =

�

ri
e�risi(ri;�(r))=�: (6)

Observe that supplier i�s dependency on r�i, reliability improvement e¤orts of other suppliers, originates
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entirely from �(r). In particular, �(r) is reduced if any of (r1; :::; rn) goes up, not just ri.

Di¤erentiating the optimal spare stocking level si(ri; �(r)) with respect to ri yields

dsi(ri; �(r))

dri
=

@si(ri; �)

@ri| {z }
Direct substitution (�)

+
@si(ri; �)

@�

@�(r)

@ri| {z }
Indirect substitution (�)

< 0; (7)

where the signs can be veri�ed from (6). The �rst term on the right-hand side of (7) reveals an

intuitive relationship between reliability and inventory: the higher the reliability improvement e¤ort

(which leads the subsystem to fail less often), the smaller the number of spares needed to meet a �xed

backorder target. The second term, on the other hand, represents supplier i�s share of the e¢ ciency gain

enjoyed by the entire supply chain that results from improved reliability of subsystem i. More precisely,

higher reliability e¤ort relaxes the system backorder constraint and hence lowers the shadow price

(@�(r)=@ri < 0), which in turn reduces the required spare stocking level of subsystem i (as @si(ri�)=@� >

0). Although both e¤ects re�ect substitutability between reliability and inventory, the �rst is direct

whereas the second arises indirectly via the shadow price �.

Similarly, di¤erentiating the expected backorder Bi(ri; si(ri; �(r))) with respect to ri yields

dBi(ri; si(ri; �(r)))

dri
=

@Bi(ri; si)

@ri| {z }
Demand shift (�)

+
@Bi(ri; si)

@si

(7)z }| {
dsi(ri; �(r))

dri| {z }
Supply shift (+)

� 0; (8)

where the equality holds only for n = 1. Note that (8) contains our earlier result (7). The �rst term

simply says that expected subsystem backorder becomes smaller if failures occur less often as a result of

improved reliability, given that the spare stocking level is �xed. We call this �demand shift�since it is

the change in the repair demand (i.e., subsystem failures), not in supply (i.e., subsystem spares), that

causes the expected backorder to decrease. On the other hand, the second term represents the �supply

shift�: higher reliability lessens the need to have spares (as found in (7)), but the smaller number of

spares increases the expected backorder. If n = 1, these two opposite shifts cancel each other. If n > 1,

on the other hand, the supply shift is smaller than the demand shift in magnitude. This is because the

full bene�t of lowering the magnitude of the shadow price �(r) (�indirect substitution�term in (7)) is

only partially absorbed by supplier i; since the suppliers share the common shadow price, the inventory

reduction bene�t applies not only to him but to all suppliers. As a result, the supply shift does not

fully negate the demand shift when more than one supplier are present.

In sum, (7) and (8) together indicate that a supplier who improves his subsystem reliability receives

the bene�t of reduced spare inventory and lowered expected backorder (if n > 1). See Figure 1(a) for
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(a) Impact on subsystem i (b) Impact on subsystem j

Figure 1: Impact of improving reliability of subsytem i on the optimal spare stocking levels and the
expected backorders of subsystems i and j. Each downward curve represents the expected backorder
as a function of the stocking level for a given subsystem failure rate. The dashed arrows represent the
changes due to reduction of the expected shadow price �(r), which is shared by the two subsystems.

a graphical illustration of the sensitivity analysis described above. In the �gure, the demand shift is

denoted by the arrow 1 ! 2, and the two components of the supply shift (the direct and the indirect

substitutions in (7)) are denoted by the arrows 2! 3 and 3! 4, respectively.

This is not the entire story, however, since reliability improvement of one subsystem impacts other

subsystems as well. This dependency arises again through the common shadow price shared by all

suppliers. For j 6= i,

dsj(rj ; �(r))

dri
=

@sj(rj ; �)

@�

@�(r)

@ri
< 0; (9)

dBj(rj ; sj(rj ; �(r)))

dri
=

@Bj(rj ; sj)

@sj

dsj(rj ; �(r))

dri
> 0: (10)

That is, improving reliability of subsystem i lowers the required spare stocking levels of all other subsys-

tems and increases their expected backorders. Figure 1(b) illustrates this shift (A! B). Summarizing,

the net impact of improving reliability of subsystem i is (i) lower spare inventories of all subsystems

and (ii) lower expected backorder for i but higher expected backorders for all j 6= i. This insight will

prove useful in the subsequent analysis.

Finally, the following identity can be veri�ed from (6):

cj
dsj(rj ; �(r))

dri
= ��(r)dBj(rj ; sj(rj ; �(r)))

dri
; 8j 6= i: (11)

This result reveals the dual relation embedded in the Stage 2 problem (B2). In words, it says that
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supplier j�s marginal inventory cost savings due to reliability improvement of subsystem i is equal to

the shadow price times the rate at which the backorder requirement of subsystem j is relaxed. We

return to (11) in Section 5.3 where an important insight is derived from it.

5 E¤ort Games in a Decentralized Supply Chain

In this section we investigate how the suppliers� independent e¤ort decisions under QC or PC in a

decentralized supply chain impact overall e¢ ciency. To enable a fair comparison of these two cases we

conduct the analysis assuming that the cost reimbursement fraction � is �xed, having been o¤ered to

and accepted by the suppliers at the time they decided to participate. Optimal cost sharing is studied

in Section 6.

5.1 Equilibrium E¤orts Under Quantity Contracts

Under QC, after observing the realized subsystem failure rates in Stage 2, the customer o¤ers contracts

to the suppliers which specify the stocking levels that minimize the customer�s expected cost. The

suppliers then accept the contracts and produce the speci�ed number of spares. Anticipating this, in

Stage 1 each supplier exerts e¤orts to improve subsystem reliability and reduce �xed cost, with the goal

of minimizing his expected long-term cost.

The customer�s Stage 2 problem is identical to (B2) of Section 4.2 except that the unit cost ci is

replaced by �ici, because the customer only pays fraction �i of supplier i�s operating cost. As a result,

the cost-minimizing stocking level and the expected backorder are (from Lemma 1):

s�i (rj�) �
�

ri
ln

 
�

��ici

nX
k=1

�kck
rk

!
; B�i (r) �

�ici=riPn
k=1 �kck=rk

�: (12)

Note that, in choosing the stocking levels, the customer bases her decision on realized failure rates.

That is, she observes � and then set si = 1
� i=li�1 ln

�
1

��ici

Pn
k=1

�kck
�k=lk�1

�
; the expression of s�i (rj�) in

(12) rewrites the same quantity using the relation � i = li(1 + ri=�), which de�nes the scale of the e¤ort

variable that we adopt for analytical convenience.

In Stage 1, as supplier i anticipates that he will be compensated by the amount �iCi (ai; sij�i) with

si = s�i (rj�), his expected long-term cost is equal to  i(ri)+�i(ai)+(1� �i)
�
Ki + ciN � ai + ciE

�
s�i (rj�)

��
.

He chooses the e¤ort levels ri and ai to minimize this cost. As the cost function reveals, the externality

among the suppliers�decisions is created by the term ciE
�
s�i (rj�)

�
. Consequently, a simultaneous-move

game takes place in Stage 1 in which the suppliers jointly set the optimal reliability improvement e¤ort

levels. The equilibrium outcome is speci�ed as follows.
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Proposition 2 A Nash equilibrium of the e¤ort game under QC exists. The optimal cost reduction

e¤orts aQ � (aQ1 ; :::; a
Q
2 ) satisfy 1 = (1� �i)�1 �0i(ai);8i, while the equilibrium reliability improvement

e¤orts rQ � (rQ1 ; :::; r
Q
n ) are found from the system of equations

E [� ln �]

E [�]
+ 1 + ln

 
1

��ici

nX
k=1

�kck
rk

!
�
�
1� �ici=riPn

k=1 �kck=rk

�
=

1

1� �i
r2i

E [�] ci
 0i(ri); 8i, (13)

The best response function r�i (rj) is decreasing for all i, j 6= i.

Uniqueness of the equilibrium cannot be shown for a general case, but it is proved for special cases

(see Section 5.3). That the best response function is decreasing suggests that reliability improvement

e¤orts are strategic substitutes. Since higher reliability of one subsystem lowers the spares inventory

requirements of all subsystems, a supplier does not invest in reliability improvement to the full extent,

expecting that he will bene�t from others�reliability improvement e¤orts.

5.2 Equilibrium E¤orts Under Performance Contracts

Analysis of the equilibrium under PC proceeds similarly to that of the previous subsection, except that

one more step is added in Stage 2: the suppliers choose spare stocking levels (s1; :::; sn) in response to

the backorder penalty rates (v1; :::; vn) that are speci�ed in PC. The optimal solution of the Stage 2

problem is as follows.

Lemma 2 Under PC, the customer chooses the backorder penalty rate v�i (rj�) = �
�
1��i
�i

Pn
k=1

�kck
rk
, 8i.

In response, the suppliers choose spare stocking levels as speci�ed in (12).

Recall that the customer speci�es the desired levels of spare stocks under QC whereas under PC, she

uses performance contract terms to incentivize the suppliers to voluntarily choose the quantities. The

lemma demonstrates that the end result (i.e., the optimal stocking levels) is the same despite the di¤erent

mechanisms. In Stage 1, anticipating the Stage 2 outcomes of Lemma 2, each supplier chooses the e¤orts

to minimize his expected long-term cost  i(ri) + �i(ai) + (1� �i)
�
Ki + ciN � ai + ciE

�
s�i (rj�)

��
+

E
�
v�i (rj�)

�
B�i (r). The Nash equilibrium of this simultaneous-move e¤ort game is described in the next

proposition.

Proposition 3 A Nash equilibrium of the e¤ort game under PC exists. The optimal cost reduction

e¤orts aP � (aP1 ; :::; a
P
2 ) satisfy 1 = (1� �i)�1 �0i(ai);8i, while the equilibrium reliability improvement

e¤orts rP � (rP1 ; :::; rPn ) are found from the system of equations

E [� ln �]

E [�]
+ 1 + ln

 
1

��ici

nX
k=1

�kck
rk

!
+

�ici=riPn
k=1 �kck=rk

=
1

1� �i
r2i

E [�] ci
 0i(ri); 8i, (14)
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The best response function r�i (rj) is decreasing for all i, j 6= i.

As was the case with QC, we �nd that reliability improvement e¤orts are strategic substitutes under

PC.

5.3 Comparison of Equilibrium Reliability Improvement E¤orts

We now compare the equilibrium outcomes emerging from the three scenarios we have considered

thus far: the �rst-best, QC, and PC. Due to implicit characterizations of the equilibria presented in

Propositions 1, 2, and 3, a complete analytical comparison among the suppliers with arbitrary parameter

values proves to be di¢ cult. However, essential insights can be obtained by examining special cases,

which we focus on in this subsection.

First, consider the Stage 2 decisions on the optimal spare stocking levels. From the expressions in (3)

and (12) we see that, for any given values of r and �, the optimal stocking level s�i (rj�) in a decentralized

supply chain (for both QC and PC) becomes identical to its �rst-best counterpart si(rj�) if and only if

�1 = ::: = �n. Similarly, the expected backorder B�i (r) becomes identical to its �rst-best counterpart

Bi (r) under the same condition. In other words, a uniform rate of cost sharing with all suppliers

(henceforth referred to as �uniform cost sharing�) is the su¢ cient and necessary condition to replicate

the �rst-best inventory decision rule si(rj�) and the backorder target allocation rule Bi (r). This is a

direct consequence of the greedy algorithm that we described in Section 4.2. As the expression of Bi (r)

reveals, under the �rst-best, the backorder target � is allocated to the subsystems in proportion to the

failure rate-weighted unit cost �ci=ri in the order of their relative rankings. The analogous quantity

under cost sharing is ��ici=ri, and unless the ratios �j=�i are kept constant, the �rst-best allocation rule

cannot be replicated.

Therefore, uniform cost sharing presents a natural point of reference since it �xes the inventory

decision rule in Stage 2 regardless of the Stage 1 scenarios (i.e., �rst-best, QC, and PC), thereby

allowing us to identify the di¤erences in the Stage 1 equilibrium outcomes after controlling for Stage 2

decisions. An added bene�t is that a sharper statement can be made about the structure of the Stage

1 e¤ort games for the special case n = 2: with uniform cost sharing, the equilibrium e¤orts under QC

and PC are unique.7 (This is proved in Lemma 3 in the Appendix.)

Another observation from Propositions 1-3 is that the �rst-best cost reduction e¤ort is achieved in

the limit �i ! 0, 8i. In other words, the suppliers are incentivized to exert maximum cost reduction

e¤orts under the �xed-price contracts. This is a well-known result; in the absence of risk aversion, a

7Two-supplier case is of particular relevance in the aerospace industry, in which it is often found that two separate
contracts are o¤erred to an aircraft (�frame�) manufacturer and an engine manufacturer; in this industry, managing engines
is considered to be a very distinct task compared to managing the rest of the aircraft.
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�xed-price contract makes a supplier internalize the full bene�t of cost reduction, hence the maximum

e¤ort. The saving is transferred to the customer, who is able to lower the compensation for him.

This is precisely the reason that many customer organizations, especially the government agencies that

commission large projects to contractors, advocates the use of a �xed-price contract whenever possible.

These observations draw attention to the special case in which all suppliers are subject to �xed-price

contracts, i.e., �1 = ::: = �n ! 0. Not only are such instances commonly observed in practice, but this

case allows us to examine the net outcome of the suppliers�reliability e¤ort game conditional on the

other confounding factors, i.e., decisions on stocking levels and cost reduction. The latter two become

identical to their �rst-best counterparts under �xed-price contracts, and therefore, we are able to isolate

the ine¢ ciency attributed to the externality in reliability e¤ort decisions. The result of this analysis is

summarized in the following proposition.

Proposition 4 Assume that equilibrium reliability improvement e¤orts under QC and PC are unique.

In the limit �1 = ::: = �n ! 0,

(i) if n = 1, rQ1 = rI1 < rP1 .

(ii) if n > 1 and the suppliers are symmetric, rQi < rIi < rPi for all i. Moreover, r
P
i ! rIi as n!1.

(iii) if n > 1 and the suppliers are asymmetric, rQi < rIi for at least one i. Similarly, r
P
j > rIj for at

least one j.

Note that �symmetric suppliers�refers to the case where all parameters that characterize the sup-

pliers are identical. We consider this hypothetical case for a theoretical purpose since it enables a clean

comparison of the equilibria. As we mentioned above, uniqueness of the equilibrium reliability improve-

ment e¤orts cannot be proved for a general case but it is shown for the special case n = 2. Additionally,

it is straightforward to show that the symmetric equilibria under PC and QC are unique.

The proposition suggests that, under �xed-price contracts, equilibrium reliability e¤orts under QC

tend to be lower than the �rst-best levels, whereas the opposite is true under PC. In other words, con-

trolling for cost reduction e¤orts and inventory decisions, QC leads to an underinvestment in reliability

while the PC leads to an overinvestment in reliability. This is shown in part (ii) of the proposition to

be unambiguously true when the suppliers are symmetric. When the suppliers are asymmetric, on the

other hand, the comparisons are not as clear-cut; in general, the equilibrium reliability of a subsystem

may or may not be greater than its �rst-best counterpart. However, part (iii) of the proposition provides

evidence that the same description remains valid even when the suppliers are asymmetric, as it asserts

that it is impossible to have overinvestments in reliability for all subsystems under QC, and similarly,
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Figure 2: Examples showing the equilibrium reliability improvement e¤orts under the �rst-best (star),
QC (circle), and PC (square), for n = 2. The optimal response curves for the three cases are represented
by the solid, dashed, and the dotted lines, respectively.

to have underinvestments for all subsystems under PC. The examples in Figure 2 for n = 2 verify the

results in Proposition 4. Comparing the norm jjrjj =
p
r21 + r

2
2 of the equilibria for the three cases (i.e.,

the distance of the equilibrium points from the origin in Figure 2), we see
����rQ���� < ����rI ���� < ����rP ����. Ad-

ditional numerical examples with 81 combinations of parameter values produce the same result. Based

on these observations, we conclude that the overall reliability improvement e¤ort level is lower than the

�rst-best under QC, whereas the opposite is true under PC.

Recall from our earlier discussion that reliability improvement e¤orts are strategic substitutes. How-

ever, it is not substitutability per se that results in an underinvestment in reliability under QC, because

substitutability exists under all three cases we consider; as Figure 2 demonstrates, the best response

curves are decreasing under the �rst-best, QC, and PC. Instead, the main reason the suppliers tend to

underinvest in reliability under QC is that, as we found in the sensitivity analysis in Section 4.3, each

supplier receives only a fraction of the full bene�t of his e¤ort. As we discovered there, this is due to the

chain e¤ect by which reliability improvement of subsystem i lowers the value of the common shadow

price �(r), whose bene�t of inventory requirement reduction is in turn distributed to all suppliers. Since

the suppliers do not internalize the inventory costs of others, they ignore the bene�ts directed to other

suppliers. As a consequence, ceteris paribus, the suppliers in a decentralized supply chain who make

independent reliability decisions (i.e., under QC) are less motivated to invest in reliability improvement

than they would if the supply chain were integrated.

While this equilibrium outcome under QC is intuitive, it is not immediately clear why the opposite

happens under PC, namely, that equilibrium reliability e¤orts tend to be greater than the �rst-best
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levels. Granted that employing PC pushes reliability to a higher level than that of QC because the

suppliers are subject to additional penalty terms that create extra incentives, but why does it necessarily

exceed the �rst-best level? In other words, why is not possible to have the equilibrium under PC between

the levels of QC and the �rst-best? A naïve intuition may lead one to believe that PC should induce

the �rst-best levels or less, since it was previously shown that PC can perfectly align the incentives in

a bilateral setting (Kim et al. 2010) but at the same time, the externality in the presence of multiple

suppliers tends to lower the e¤ort, not increase it. Therefore, our analysis reveals an unexpected

consequence� PC creates excess incentives. The question is: what drives this overinvestment motive?

The key to understanding this result turns out to be, again, the shadow price �(r) associated with

the binding system backorder constraint. Recall from our discussion of the sensitivity analysis in Section

4.3 that this constraint is expressed as
Pn
k=1Bk(rk; sk(rk; �(r))) = � and that there is an embedded dual

relation (11). Summing up (11) over all j 6= i and combining it with d
dri

Pn
k=1Bk(rk; sk(rk; �(r))) = 0

yields X
j 6=i

cj
dsj(rj ; �(r))

dri
= �(r)

dE[Bijri; si(ri; �(r))]
dri

: (15)

This equation says that the sum of marginal inventory cost savings of all subsystems other than i is

equal to the shadow price times the rate at which the expected backorder requirement of subsystem i

is tightened as a result of improving reliability of that subsystem. It reveals the underlying mechanism

by which PC eliminates the suppliers� inherent incentives to underinvest in reliability. Recall that,

under QC, the suppliers underinvest since they fail to internalize the inventory costs of other suppliers.

According to (15), penalizing each supplier for a backordered unit of his own subsystem has the same

e¤ect as forcing him to internalize the marginal inventory costs of all other suppliers, thereby perfectly

neutralizing the problem of insu¢ cient incentives that led to underinvestments. This insight is quite

remarkable since it shows that using a simple PC is very e¤ective. One might have suspected that,

to eliminate the e¢ ciency loss created by the interactions among the suppliers�decisions, the optimal

contract for a supplier should be based on performance realizations of all suppliers. However, our

analysis shows that all that is needed is subjecting each supplier to his own performance only, and not

to others�performances.

Although the above discussion clari�es the mechanism by which the underinvestment incentives are

eliminated, it does not identify the driver of the overinvestment under PC. As it turns out, the answer

lies in the same equation (15). What we did not account for there is that the shadow price �(r) is

not a constant; it decreases with larger values of r1; :::; rn. In the �rst-best and the QC cases, �(r)

was an implicit cost and therefore did not factor into the suppliers� reliability decisions. Under PC,

however, �(r) is no longer implicit. It becomes an explicit cost to all suppliers since it manifests itself
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Figure 3: Equilibrium reliability improvement e¤orts with n symmetric suppliers. The plot is in a
relative scale in which the �rst-best e¤ort is normalized to a constant.

as the optimal penalty rates v�1(rj�); :::; v�n(rj�); see the expression in Lemma 2 which con�rms that

v�i (rj�) converges to �(r) under �xed-price contracts. Then, each forward-looking supplier has an extra

incentive to improve reliability since doing so reduces not only the volume of the performance penalty

(i.e., amount of backorders), but also the price of the penalty, �(r). Supply chain coordination would

have been achieved were it not for the latter, but it is unavoidable when the suppliers make intertemporal

decisions. Hence, it is monetization of the shadow price and the forward-looking suppliers�attempt to

reduce it that together lead to an overinvestment in reliability under PC.

Another interesting observation from Proposition 4 is how the equilibrium reliability improvement

e¤orts vary with n, the number of suppliers, which we interpret as complexity of the multi-indenture

supply chain. It states that, controlling for other factors (i.e., when the suppliers are symmetric and when

cost reduction e¤orts and inventory decision rules are identical), the �rst-best reliability improvement

e¤ort level is approached at the opposite extremes for the two contracting cases: rQ1 = rI1 when n = 1,

whereas rPi ! rIi when n!1. See Figure 3 for a numerical illustration. It suggests that e¢ ciency loss

under QC is exacerbated when the degree of supplier interactions becomes large, i.e., as complexity of

the supply chain increases. While this result is in line with intuition, surprisingly, exactly the opposite

happens under PC: e¢ ciency loss is mitigated as complexity increases.

To understand this result, recall that, under QC, ine¢ ciency arises because each supplier receives

only a fractional bene�t of inventory cost reduction that follows reliability improvement. As the number

of suppliers increases, then, this fraction becomes smaller, hence a smaller incentive to invest in reliability

improvement. A similar reasoning is behind the result for PC, but the di¤erence is that (a) the net
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bene�t of reliability improvement is not inventory reduction, but penalty rate reduction, and (b) a

smaller incentive alleviates the overinvestment problem we identi�ed above. The latter happens because

the marginal return on penalty rate reduction is proportional to the penalty volume, i.e., the expected

backorder Bi (r) =
ci=riPn

k=1 ck=rk
�, whose fractional allocation of � decreases with the number of suppliers.

In the limit n ! 1 the marginal return approaches zero, and therefore, a supplier has a minimal

incentive to overinvest.

In general, our analysis suggests that performance-based contracting, despite many advantages it

brings, may lead to unintended consequences. As a result, there may be situations in which performance

contracts are too costly to implement. Complexity of the supply chain structure proves to be an

important determinant of the e¤ectiveness of performance contracting, and our analysis shows that a

high degree of interactions among the suppliers may actually improve e¢ ciency.

6 Optimal Cost Sharing

In the previous section we focused on the equilibrium outcomes that emerge from the suppliers�e¤ort

games, assuming that they are subject to exogenously given cost-sharing contract terms. We have

found that �xed-price contracts, which are widely used in practice to incentivize the suppliers to exert

maximum cost reduction e¤orts, are inadequate to address the ine¢ ciencies that arise due to strategic

interactions among the suppliers with regard to their reliability improvement e¤orts. This indicates

that partial cost reimbursement may alleviate such ine¢ ciencies, counter to the established result in

the literature that �xed-price contracts are optimal when the suppliers are risk neutral. We explore

this possibility in this section by turning our attention to the customer�s problem of determining the

optimal cost sharing terms.

We extend the model of the previous sections by considering the customer�s o¤er of a cost-sharing

contract ti + �iCi (ai; sij�i) to supplier i at the start of Stage 1. The lump-sum payment ti plays the

role of ensuring the supplier�s participation at the minimum cost to the customer. In determining the

optimal values of (t1; :::; tn) and �, the customer anticipates the optimal decisions made by the suppliers

under QC and PC as described in the previous sections.

The question that naturally follows is: can the customer choose � such that the �rst-best is achieved?

The simple answer is no, which is evident from Proposition 4. The results in the proposition are derived

under the assumption that �xed-price contracts are used, which leads the suppliers to choose the �rst-

best cost reduction e¤orts aI ; as soon as �i moves away from zero, the optimal e¤orts a
Q
i and a

P
i deviate

from aIi . Therefore, an attempt to mitigate the e¢ ciency loss arising from the reliability improvement

e¤ort game by increasing the degree of cost sharing creates an e¢ ciency loss in cost reduction.
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The next question is: does cost sharing indeed mitigate the e¢ ciency loss due to suboptimal reliability

improvement e¤orts? The next proposition provides an insight.

Proposition 5 Consider the symmetric equilibria under the assumption of n � 2 symmetric suppliers.

Under QC, the �rst-best reliability improvement e¤ort level rIi cannot be attained with cost sharing.

Under PC, rIi is attained by setting �i =
�
1 +

n(rIi )
2

E[�]ci
 0i(r

I
i )

��1
, 8i.

The proposition demonstrates that, for the special case of symmetric suppliers, cost sharing under

PC is e¤ective in incentivizing the suppliers to choose reliability improvement e¤orts that are closer to

the �rst-best levels. (This e¢ ciency enhancement comes at the expense of lowering the cost reduction

incentives, however, since the maximum cost reduction e¤ort is exerted when the costs are not reim-

bursed.) Under QC, by contrast, it is found to be never optimal to share the costs. Instead, �xed-price

contracts are always preferred. Numerical experiments with n = 2 verify the same qualitative result:

�xed-price contracts are optimal (i.e., cost-minimizing) under QC, whereas partial cost reimbursement

is optimal under PC. This is consistently shown for both symmetric and asymmetric cases.

The intuition behind this result follows directly from our �ndings in the previous section, namely,

suppliers tend to underinvest in reliability under QC whereas they overinvest in reliability under PC.

To see this, consider the e¤ect of cost sharing on suppliers�incentives. Cost sharing reduces supplier

i�s unit cost of a spare from ci to (1� �i)ci. Because each unit of spare inventory costs less to produce,

then, the supplier is less inclined to increase subsystem reliability since the marginal return on reliability

improvement (i.e., lowered inventory cost) becomes smaller. This results in mitigating the incentives to

overinvest in reliability under PC, but it worsens the underinvestment incentives under QC.

This �nding has an important policy implication. Many practitioners believe that performance-

based contracts for product support services should be combined with �xed-price contracts for supplier

compensation, as it is perceived to enable a win-win outcome of improved performance (i.e., system

availability) at the lowest possible cost. Our analysis shows that, however, this may not be the case

from a long-term cost perspective. In particular, when a supply chain consists of multiple suppliers

who make intertemporal decisions on reliability improvement, cost reduction, and spare inventory,

performance-based support contracts are better administered in combination with cost reimbursement

contracts.

7 Discussion of Assumptions and Robustness of the Results

The insights we have derived thus far are based on a number of simplifying assumptions that help reduce

the complexity of analysis and facilitate interpretations. In this section we study the consequences of
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relaxing some of these assumptions.

7.1 Ample-Capacity Repair Facilities

A single-server assumption in our model is a departure from the convention in the service parts inven-

tory management literature, in which a repair facility is often represented as an M/G/1 queue (e.g.,

Sherbrooke 2004). However, there have been many attempts to model a capacity-constrained repair

facility, which is more realistic (Gross et al. 1977, Nahmias 1981). Notably, a model presented in

Muckstadt (2005, pp. 202-207) adopts the single-server assumption. The main di¢ culty with using

the M/G/1 queue assumption in our model is that analytical tractability becomes severely limited.

However, by applying a continuous distribution approximation, we are able to derive optimality condi-

tions that characterize the equilibrium e¤orts. While we omit these equations for space consideration,

we �nd that they feature the same structures as those under the single-server assumption. Namely,

compared to the optimality condition under the �rst-best, the optimality condition for ri under QC

contains an extra term that pushes the overall reliability improvement e¤ort downward, whereas the

condition under PC contains an extra term that does the opposite. (See the expressions in Propositions

1-3 for comparisons.) This observation provides strong evidence that the main insights that we derived

above are invariant to the underlying representation of repair facilities.

7.2 Idiosyncratic Shocks in Failure Rates

In the model, we assumed that all subsystems share the common shock � in their failure rate real-

izations. While we argued that this represents some observed realities, it is a restrictive assumption.

Unfortunately, including n number of idiosyncratic (but may be correlated) random variables �1; :::; �n

in the model does not permit a tractable analysis. Despite this challenge, inspection of the optimality

conditions derived under this alternative model speci�cation indicates that the main conclusions will

not be a¤ected. For instance, the equilibrium reliability improvement e¤ort under QC is found from

the equation

E

"
�ici
r2i

 
1 + ln

 
1

��ici

nX
k=1

�k�kck
rk

!!#
� E

�
�ici
r2i

�
1� �i�ici=riPn

k=1 �k�kck=rk

��
=

1

1� �i
 0i(ri);

which has a structure very similar to (13). A similar observations are made for the �rst-best and PC.

Hence, the qualitative insights obtained above will remain robust to this model adjustment.

24



7.3 Mixed Contracts

We have assumed that all suppliers are subject to the same support contract types, i.e., all of them

are either under QC or under PC. However, our �nding that QC tends to result in underinvestment in

reliability and PC in overinvestment suggests that, when it can be done, the customer may be better o¤

by o¤ering a mix of these two contract types to di¤erent suppliers. Numerical examples with n = 2 and

no cost sharing (i.e., �xed-price contracts) show that whether this strategy is optimal depends highly

on parameter values. However, we �nd two patterns from these examples. First, the mixed contracting

strategy often outperforms the QC-only and the PC-only strategies. Second, when the mixed contracting

is optimal, the deviation from the �rst-best is minimized by o¤ering QC to a supplier who produces a

subsystem with a high unit cost and high failure rate, and PC to a supplier who produces a subsystem

with a low unit cost and low failure rate. This observation serves as a useful guideline to practitioners,

and more interestingly, it suggests that there is a value in using PC even if the stocking levels are

contractible: the customer may be able to create better e¢ ciency by foregoing a direct control of spare

inventory.

8 Conclusion

In this paper we study incentive dynamics that arise in a multi-indenture supply chain, in which mul-

tiple supplier �rms design and provide maintenance services for distinct subsystems. Because product

performance (i.e., system availability) is de�ned at the system level which is pegged to the subsystems,

an externality among the suppliers exists and it leads to e¢ ciency losses. In particular, the suppliers

lack enough incentives to invest in reliability since they do not internalize the full bene�t of reliability

improvement when there are many suppliers. We �nd that using performance contracts, under which

the suppliers are penalized for realized system downtimes attributed to their subsystems, eliminates the

underinvestment problem. However, an unintended consequence occurs: performance contracts create

excess incentives to improve reliability. This happens because performance contracts turn an implicit

cost associated with the system availability requirement, i.e., the shadow price, into explicit penalty

costs that the suppliers try to reduce by improving reliability.

A cost sharing arrangement, which is pervasive in practice, may help mitigate such ine¢ cient out-

comes. However, cost sharing does not lead to the �rst-best because it lowers the suppliers�incentives

to reduce costs. Hence, an attempt to compensate for the e¢ ciency loss from suboptimal reliability

decisions creates another e¢ ciency loss from cost reduction decisions. While a middle ground can be

found when performance contracts are used in combination with cost sharing, the same is not true when

the customer directly manages subsystem spare inventories in lieu of performance contracts; �xed-price
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contracts should be used in such instances. This result o¤ers a counterargument to the common be-

lief among practitioners that a combination of performance-based support contracting and �xed-price

contract leads to a win-win outcome of high product performance at the lowest cost.

Our �ndings have important implications to the practice of performance-based contracting (PBC),

which is touted by some practitioners as a cure-all for the well-documented ine¢ ciencies that existed

in the product support businesses. Namely, one has to use PBC with discretion by carefully examining

the characteristics of the operating environment that may critically in�uence PBC�s e¤ectiveness. This

paper identi�es a number of key such factors found in a complex supply chain that �rms typically

operate in. Our analysis contributes to the literature by shedding light on the challenges in the product

support businesses that have not been studied previously, and the insights we have gained from our

analysis o¤er useful managerial guidelines to practitioners.
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Appendix: Proofs and Auxiliary Results

Proof of Lemma 1. Recall from Section 3.2 that Bi(ri; sij�) = �
ri
e�risi=�. Suppose that the sys-

tem backorder constraint does not bind at the optimal solution (s�1; :::; s
�
n), i.e.,

P
k Bk(rk; s

�
kj�) <

�. Since
P
k Bk(rk; skj�) decreases in si to zero as si ! 1 and limsi!0

P
k Bk(rk; skj�) = �=ri +P

k 6=iBk(rk; skj�) > � +
P
k 6=iBk(rk; skj�) > �;8i by the condition � < �=ri < �=ri (stated in Sec-

tion 3.4), one can �nd syi 2 [0; s�i ) such that Bi(ri; s
y
i j�) +

P
k 6=iBk(rk; s

�
kj�) = �. But notice that

cis
y
i +

P
k 6=i cks

�
k <

P
k cks

�
k since s

y
i < s�i . This implies that s� does not minimize the objective,

contradicting our earlier assertion that s� is the optimal solution. Therefore, the backorder constraint

should bind at the optimum. The Lagrangian for (B2) is L = ��� +
P
k fcksk + �Bk(rk; skj�)g, where

� is the Lagrangian multiplier. Di¤erentiating L, we get @L
@si

= ci � �e�risi=�, @
2L
@s2i

= � ri� e
�risi=� > 0,

@2L
@si@sj

= 0. Hence, the problem is convex and the optimal solution is s�i =
�
ri
ln �

ci
. Substituting this

in, Bi(ri; s�i j�) = �ci
�ri
. Since

P
k Bk(rk; s

�
kj�) = � at the optimum, we have � = �

�

P
k
ck
rk
, which in turn

yields (3) and (4) after substituting it in the expressions for s�i and Bi(ri; s
�
i j�).

Proof of Proposition 1. The optimality condition for a is readily obtained. Let e	(rj�) �P
k

�
Kk + ckN +  k(rk) + �k(a

I
k)� aIi + cksk(rj�)

	
. Then the total expected supply chain cost (de�ned
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in (B1)) evaluated at aI is equal to 	(r; aI) = E�

he	(rj�)i. Substituting (3) in e	(rj�) and di¤erentiating
it,

@e	(rj�)
@ri

=  0i(ri)�
�ci
r2i
ln

 
�

�ci

X
m

cm
rm

!
�
X
k

�ck
rk

�ci=r
2
iP

m �cm=rm

=  0i(ri)�
�ci
r2i

 
1 + ln

 
�

�ci

X
k

ck
rk

!!
=  0i(ri)�

�ci
r2i

�
1 +

ri
�
sk(rj�)

�
;

@2e	(rj�)
@r2i

=  00i (ri) +
2�ci
r3i

�
1 +

ri
�
sk(rj�)

�
+

�c2i =r
4
iP

k ck=rk
> 0;

@2e	(rj�)
@ri@rj

=
�
�
ci=r

2
i

� �
cj=r

2
j

�
P
k ck=rk

> 0:

Let P and Q be the n� n matrices with elements

pij =

8<:  00i (ri) +
2�ci
r3i

�
1 + ri

� sk(rj�)
�
> 0 if i = j;

0 if i 6= j;

and qij = �
cicj
r2i r

2
j
. Then the Hessian of e	(rj�) is H �

n
@2 e	(rj�)
@ri@rj

o
= P +

�P
k
ck
rk

��1
Q. Note that, for

x = (x1; :::; xn) 2 Rn, x 6= 0;

x0Px =
X
i

piix
2
i > 0;

x0Qx =
X
i

X
j

qijxixj = �
X
i

c2i
r4i
x2i + 2�

X
i<j

ci
r2i

cj
r2j
xixj = �

 X
i

ci
r2i
xi

!2
> 0:

Since x0Hx = x0Px +
�P

k
ck
rk

��1
(x0Qx) > 0, i.e., H is positive de�nite, e	(rj�) is convex. Since

convexity is preserved under integration and 	(r; aI) = E�

he	(rj�)i = R� e	(rj�)f (�) d�, where f (�) is
the pdf of �, we conclude that 	(r; aI) is convex. The optimal solution for r is obtained from the system

of �rst-order conditions @	(r;a
I)

@ri
= 0, 8i, where Leibniz�s rule is applied.

Proof of Proposition 2. The optimality condition for a is readily obtained. Let �Qi (r) � � i(ri)�

�i(a
q
i )� (1� �i)

�
Ki + ciN � aqi + ciE

�
s�i (rj�)

��
be supplier i�s expected payo¤ evaluated at aqi , i.e., his
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expected negative cost. Di¤erentiating �Qi (r) using Leibniz�s rule,

@�Qi (r)

@ri
= � 0i(ri) + (1� �i)E

"
�ci
r2i
ln

 
�

��ici

X
k

�kck
rk

!
+
�ci
r2i

�ici=riP
k �kck=rk

#

= � 0i(ri) + (1� �i)
E [�] ci
r2i

 
E [� ln �]

E [�]
+ ln

 
1

��ici

X
k

�kck
rk

!
+

�ici=riP
k �kck=rk

!
@�Qi (r)

@rj
= E

"
�
(1� �i) ci

ri

�jcj=r
2
jP

k �kck=rk

#
=
1� �i
�i

E [�] �jcj
r2j

�ici=riP
k �kck=rk

> 0:

The �rst-order conditions (13) are obtained by letting @�Qi (r)
@ri

= 0 and rearranging terms. It can be

shown that
@

@ri

�
�ici=riP
k �kck=rk

�
= � 1

ri

�ici=riP
k �kck=rk

�
1� �ici=riP

k �kck=rk

�
< 0: (16)

Then the second derivatives are

@2�Qi (r)

@r2i
= � 00i (ri)� (1� �i)

2ci
r2i
E
h
s�i (rj�)

i
� 1� �i

�i
E [�]

�2i c
2
i =r

4
iP

k �kck=rk

�
4� �ici=riP

k �kck=rk

�
< 0;(17)

@2�Qi (r)

@ri@rj
=

@

@ri

 
@�Qi (r)

@rj

!
= �1� �i

�i
E [�]

�
�ici=r

2
i

� �
�jcj=r

2
j

�
P
k �kck=rk

�
1� �ici=riP

k �kck=rk

�
< 0: (18)

The existence of a Nash equilibrium is established by concavity of each supplier�s payo¤ function,
@2�Qi (r)

@r2i
< 0 (Cachon and Netessine 2004). The best response function r�i (rj) is decreasing since

@r�i
@rj

=

�@2�Qi (r)
@ri@rj

�
@2�Qi (r)

@r2i
< 0 from (17) and (18).

Proof of Lemma 2. Supplier i�s expected cost after he is o¤ered the penalty rate vi is (1 �

�i)cisi + viBi(ri; sij�). It is straightforward to show that this function is minimized at s�i (ri; vij�) =
�
ri
ln vi

(1��i)ci and that the resulting expected backorder is B
�
i (ri; vij�) =

�(1��i)ci
rivi

. Anticipating this

response, the customer decides the optimal penalty rates (v�1(rj�); :::; v�n(rj�)) that minimize her ex-

pected cost subject to the backorder constraint, i.e., she solves the optimization problem min(v1;:::;vn)P
k

�
�kcks

�
k(rk; vkj�)� vkB�k(rk; skj�)

	
subject to

Pn
k=1B

�
k(rk; vkj�) � �. The corresponding Lagrangian

is L = ��� +
P
k

n
��kck
rk

ln vk
(1��k)ck �

�(1��k)ck
rk

+ � �(1��k)ckrkvk

o
. Di¤erentiating L with respect to vi yields

@L
@vi

= �ci
rivi2

(�ivi � (1� �i)�) and @2L
@v2i

= �ci
rivi3

(��ivi + 2(1� �i)�). At the critical point v�i = 1��i
�i
�,

@2L
@v2i

> 0, implying that the problem is quasiconvex. Hence the solution v�i =
1��i
�i
�, 8i is unique.

As in the proof of Lemma 1, it can be shown that the system backorder constraint is binding at the

optimum. That is,
P
k B

�
k(rk; v

�
kj�) =

P
k
�(1��k)ck
rkv

�
k

= �
�

P
k
�kck
rk

= �, which yields � = �
�

P
k
�kck
rk

and

hence v�i =
�
�
1��i
�i

P
k
�kck
rk
. Then s�i (ri; v

�
i j�) = �

ri
ln

v�i
(1��i)ci =

�
ri
ln
�

�
��ici

P
k
�kck
rk

�
and B�k(rk; v

�
kj�) =

�(1��i)ci
riv�i

= �ici=riP
k �kck=rk

�, which are identical to (12).
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Proof of Proposition 3. The optimality condition for a is readily obtained. Let �Pi (r) �

� i(ri)� �i(a
p
i )� (1� �i)

�
Ki + ciN � api + ciE

�
s�i (rj�)

��
�E

�
v�i (rj�)

�
B�i (r) be supplier i�s expected

payo¤ evaluated at api . Noting that v
�
i (rj�)B�i (r) = � (1� �i) ciri and di¤erentiating �

P
i (r),

@�Pi (r)

@ri
= � 0i(ri) + (1� �i)

E [�] ci
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@�Pi (r)
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=

1� �i
�i

E [�] �jcj
r2j

�ici=riP
k �kck=rk

> 0:

The �rst-order conditions (14) are obtained by letting @�Pi
@ri

= 0 and rearranging terms. The rest of the

proof is similar to that of Proposition 2.

Lemma 3 Under uniform cost sharing, the equilibrium reliability improvement e¤orts under QC and

PC are unique if n = 2.

Proof. With � = �1 = ::: = �n, the second derivatives of the reliability e¤ort game under QC become

(from (17) and (18) in the proof of Proposition 2)

@2�Qi (r)

@r2i
= � 00i (ri)� (1� �)

2ci
r2i
E
h
s�i (rj�)

i
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4
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�
4� ci=riP

k ck=rk

�
;

@2�Qi (r)

@ri@rj
= � (1� �)E [�]

�
ci=r

2
i

� �
cj=r

2
j

�
P
k ck=rk

�
1� ci=riP

k ck=rk

�
:

Uniqueness of the Nash equilibrium is guaranteed if the determinant of the Hessian H =

�
@2�Qi (r)
@ri@rj

�
is

negative quaside�nite, or equivalently, H+HT is negative de�nite (Theorem 6 in Cachon and Netessine

2004). For n = 2, this condition is equivalent to

s����@2�Q1 (r)@r21

@2�Q2 (r)

@r22

���� > 1
2

����@2�Q1 (r)@r1@r2
+

@2�Q2 (r)
@r1@r2

����. We see that
this condition is satis�ed sincevuut�����@2�Q1@r21

@2�Q2
@r22

����� > (1� �)E [�]
�
c1=r

2
1

� �
c2=r

2
2

�
c1=r1 + c2=r2

s�
3 +

c2=r2
c1=r1 + c2=r2

��
3 +

c1=r1
c1=r1 + c2=r2

�

> 3 (1� �)E [�]
�
c1=r

2
1

� �
c2=r

2
2

�
c1=r1 + c2=r2

>
1

2
(1� �)E [�]

�
c1=r

2
1

� �
c2=r

2
2

�
c1=r1 + c2=r2

=
1

2
(1� �)E [�]

�
c1=r

2
1

� �
c2=r

2
2

�
c1=r1 + c2=r2

�
c2=r2

c1=r1 + c2=r2
+

c1=r1
c1=r1 + c2=r2

�
=
1

2

����� @2�Q1@r1@r2
+

@2�Q2
@r1@r2

����� :
Uniqueness of the equilibrium under PC can be shown similarly.

Proof of Proposition 4.
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(i) The optimality conditions (5) and (13) are identical when n = 1 with �1 ! 0. Hence, rQ1 = rI1.

On the other hand, the LHS of (5) is smaller than the LHS of (14) for any given value of r1

when n = 1, while the RHS of the two conditions are the same with �1 ! 0. Combining with

this observation, that the LHS decreases and the RHS increases in r1 for both conditions implies

rI1 < rP1 .

(ii) From (13), the symmetric equilibrium under QC with �1 = ::: = �n ! 0 is characterized by

the �rst-order condition E[� ln �]
E[�] + 1 + ln

�
n
�ri

�
�
�
1� 1

n

�
=

r2i
E[�]ci

 0i(ri);8i. Comparing this with

the �rst-order condition E[� ln �]
E[�] + 1 + ln

�
n
�ri

�
=

r2i
E[�]ci

 0i(ri) for the integrated supply chain case,

rQi < rIi immediately follows, as the curve on the LHS of the �rst equation is below that of the

second equation and both are decreasing in ri, while the RHS of the two equations are equal

and increasing in ri. A similar argument proves rIi < rPi , where r
P
i is found from the equation

E[� ln �]
E[�] + 1 + ln

�
n
�ri

�
+ 1

n =
r2i

E[�]ci
�i 

0
i(ri). Comparing this optimality condition with that of the

integrated supply chain case, we see that rPi ! rIi as n!1 since the LHS of the two conditions

converge in the limit.

(iii) Suppose that, contrary to the statement in the proposition, rQi � rIi for all i. Applying �1 = ::: =

�n ! 0 and subtracting (5) from (13),

ln

 P
k ck=r

Q
kP

k ck=r
I
k

!
�
 
1� ci=r

Q
iP

k ck=r
Q
k

!
=

�
rQi

�2
E [�] ci

 0i(r
Q
i )�

�
rIi
�2

E [�] ci
 0i(r

I
i ):

The �rst term on the LHS is nonpositive since rQi � rIi , 8i implies
P
k ck=r

Q
kP

k ck=r
I
k

� 1. Hence, the entire

LHS is negative. On the other hand, the RHS is nonnegative for all i since r2i
E[�]ci

 0i(ri) increases

in ri and r
Q
i � rIi . Thus we arrive at a contradiction. A similar argument con�rms that r

P
j > rIj

for at least one j.

Proof of Proposition 5. The symmetry assumption requires �1 = ::: = �n. The symmetric

equilibrium rQi under QC is characterized by the equation (from (13)) E[� ln �]E[�] + 1 + ln n
�ri
�
�
1� 1

n

�
=

1
1��i

r2i
E[�]ci

 0i(ri), while the �rst-best level r
I
i satis�es

E[� ln �]
E[�] + 1 + ln n

�rIi
=
(rIi )

2

E[�]ci
 0i(r

I
i ). Evaluating the

former at rIi and subtracting it from the latter yields 1 � 1
n = � �i

1��i
(rIi )

2

E[�]ci
 0i(r

I
i ), which never arises

with �i 2 (0; 1) since the LHS is positive while the RHS is negative. Under PC, on the other hand, the

symmetric equilibrium rPi satis�es
E[� ln �]
E[�] +1+ ln n

�ri
+ 1
n =

1
1��i

r2i
E[�]ci

 0i(ri). A similar procedure yields

1
n =

�i
1��i

(rIi )
2

E[�]ci
 0i(r

I
i ). Rearranging this, we get �i =

�
1 +

n(rIi )
2

E[�]ci
 0i(r

I
i )

��1
.
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