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Stationarity of Market Risk: Random Coefficients
Tests for Individual Stocks

SIHYAM SUNDER®

I'ni PURPOSE OF THIS paper is threefold: First, a procedure for oblaining unbiased
and consislent estimales of the variance of the disturbance terin (step variance)
in the market risk of individual stocks and portfolios is presented under the
random walk and autoregressive hypotheses for the markel risk. These estimates
can be used Lo test the null hypothesis that the market risk of a given stock over
a given lime series is stationary against the abovementioned alternative hypoth-
esis aboul Lhe nature of nonstationarity in the market risk of stock. Second, under
the assumption that the market risk follows a random walk, estimates of step
vatinnce of the market risk of the stocks listed on the New York Stock Exchange
are presented. The null hypothesis of stationary risk is tested against the random
walk hypothesis for each stock over the period 1926-1975 and its subintervals. In
the third part, the effect of portfolio diversification on nonstationarity of the
market risk of portfolios is examined.

A considerable amount af atlention has been paid to the tests of hypotheses
about the nonstatioparity of market risk of common stocks. The methodology
used involved cross-sectional correlation and other forms of analysis of the OLS
regression estimates of risk of individual stocks over two or more contiguous
segnients of tlime series. Examples of this work include Blume [3), Levy [12],
Sharpe and Cooper [ 15), Fisher {6, 7], and Fisher and Kamin [8). Blume concluded
that the market risk estimated over one period persists into future periods but
did not look stationary. After detailed tesling, Bogue [4) reached a similar
conclusion. Fisher and Kamin [8] have conducled tests of the stationarily
hypothesis and concluded that the behavior of market risk is best described by a
random walk or a first-order autoregressive process with a serial correlation very
cluse (o one:

Bi=pBia+ (Ll =p)+v (m

where E{vy) = 0, E(v]) = 0%, E(v,v,) = 0, t ¥ s. In autoregressive model (1) of
market risk, p is the first-order serial correlation coefficient and a} is the variance
of the disturbance term in the market risk process. The variance of i, is given by
al/(1 = p?), which is equal (o o} for a mean reverting process {p = 0) and
approaches infinity as the process approaches random walk (p — 1). We shall
refer Lo o? as the step variance of the market risk process. Fisher and Kamin (8]
have presented the estimates of K, the ratio of ol to the residual variance of the

* University of Chicago. | am grateful to Mare Bogue, Larry Fisher, and an anonvmous referee for
help andd comments on previous drafts of (his paper.
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market model, under the assumption thal this parameter is the same for all
stocks.

The approach used in the present study to estimate step variance (o}) and to
test the stationarity hypothesis differs from the previous studies in an important
respect: the estimation and lesting are carried out for individual stocks and
portfolios. Optimal estimation of market risk of stocks from return data involves
the use of weighted regression with the distribution of weights determined by the
extent of nonstationarity of market risk.’ The procedure presented here provides
unbiased and consistent estimates of o for individun! stocks for various intervals
of time in order to make it possible to ubtain optimal eslimates of market risk in
the presence of nonstationarity.

In order to obtain unbhiased and consistent estimates of the slep variance of
market risk, the market model is reformulated as a random coeflicients model
which is transformed inlo a simple linear model whose coefficients are slope and
error variances of the market model. This approach obviates the need for
obtaining OLS estimates of 3 before drawing inferences about the stationarily of
B over time. The random coefficients model provides a more powerful test of the
stationarity hypothesis than the OLS procedures used by Blume |2} and others
because the hypothesis is lested parametrically against a specific alternative
hypothesis of autoregressive process.

While the hypothesis about the nonstationarity of market risk of stocks in
general has been supported by previous studies, resulls for the behavior of market
risk of individual stocks and groups of stocks over various parts of the available
time series datla are presented here for the first time. It has often been argued
that even in the presence of nonstationarity in the market risk of common stocks,
the risk of nonmanaged porifolios is reasonably stationary over time and, there-
fore, nonstationarity of individual stocks is not significant from the point of view
of portfolio management. The estimates of variance of the market risk of portfolios
and tests of significance on such estimates indicate that when the risk of individual
stocks is nonstationary, diversification does not diminish the statistical signifi-
cance of nonstationarity in spite of a decrease in the step variance of portlolio
risk.

Random Coelfficients Model
The market model for a given stock can be writlen as
Y=« + ﬁyX‘ + €, (2)

where subscript £ on f indicates that the risk of the stock is subject Lo change
from time to time. First, consider the simple case where fi; is an independently
distributed random variable with mean /7 and variance o}. fi, is also independent
of x; and €. Model (2) can be rewritten as

ye=a+ fx + u (1)
U, = (B: - ﬂ).\', + €. (4)

' Cooley and Preacott [5). Rosenberg {13], Rosenberg and McKibben [14]), Fisher (6, 7), Bogue
[4]. and Sunder {17)
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The conditional variance of i, is

Var(u,|x) = ol + 0} x}. (5)
Bquation (5) can be viewed as a linear model with dependent variable
Var(u,x,), independent variable x}, intercept o7 and slope 0}.” Var(u|x,), how-
ever, is not directly observable. Let &, be the estimate of 1, obtained from the
simple ordinary least square regression y, on x, shawn in (3). Then, it can be
shown that

Var(ii,) = A0 + Ano} (6)
where
1 (x, - ¥)?
Ay=1 -~ ~
" - ————-—-——-;E‘-'u'_ i )]

TP LI W
Ay=xi {1 -~ - (e = %) + |z
n

X fxo- 7! n
=8 o e o, MUn=EB o,
P s L BT D s T L e B @)

Since E(i,) = 0, E(i?) = Var(i,) and we can wrile
u! = Var(i,) + w,, 9)

where E(w;) = 0. Substituting the value of Var(iz,) in (9), we have
] =o0lA + O;Azt + w,. . {10}

Theil and Mennes (18] suggested that equation (10) has the form of a linear
model, and the ordinary least square regression of &7 on A, and A, all of which
are functions of observable variables y, and x,, (¢t = 1, 2, ... n), yields unbiased
though inefficient estimates of coefficients of and o}. Hildreth and Houck [10]
generalized Theil and Mennes’ results Lo regressions involving more than two
randoimn coefficients and showed that under reasonable assumptions,’ variance of
01.S estimators of o7 and o} obtained from (10) is of the order of (1/n) {where n
is the number of obhservations) and therefore these estimators are consistent. We

? Prom (5), note that the nonstationarily of f1 (¢} > 0) implies that the OLS residuals u, is
heterascedaslic in x, even if the true disturbance term ¢, in the market model is homoscedastic. Thus,
evidence presented by Fisher snd Kamin {8, Figure 1) is consistent with nonstationarity of 8 snd does
nat necessarily imply (hat ¢ is heteroscedastic.

? The sssumptions are:

1 1. ]
(i) Ty = L‘ '-‘z:.|/‘}t| an - Il’ ,..L:.lA;l, ll“l 0o - Lt ;X:_'AHAN are ﬁnile;
(ii) Matrix an @n is nonsingular;

ap an

{iii) Handom variahles ¢ and {B. — B) heve finite fourth moments, and

{ivl Sequence {x,} is bounded.
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shall use 67 and d} to represent the OLS estimators of o] and o} respectively
from (10).

Since the covariance matrix of 1o, is not known, OLS estimators a? and 6} do
not satisfy the conditions of the Gauss-Markov thearerm and are not the minimum
vaniance estimators. Theil and Mennes have shown thal the covariance mnatrix of
w, itself is a funclion of unknown parameters o? and of. Under simplifying
assumptions,’ Theil and Mennes suggest the use of estimates ¢7 and d} to
approximate the covariance matrix of w,, whose off-diagonal terms are shaown (o
be close to zero. This estimated covariance matrix can Le used to obtain gener-
alized least square estimates, 02" and a3? from (10). These estimates can be used
to obtain the covariance matrix of i, in (3) and generalized leasl square estiinates
of a and 8.°

Relaxing the Independence Assumption

The estimation procedures given ahove apply to the case when the distribution
of f3, is intertemporally independent. From both theoretical reasons® as well as
empirical evidence provided by Lhe previous studics,” Lthis assumption is not
accurate. The markel risk of stock is more likely to follow a random walk or
auloregressive process. If random walk is the alternative hypothesis against which
the null hypothesis of constant i is to be tested, we are interested in estimation
of the step variance of the random walk process, i.e., the variance o7 of the change
inBfrom(f~1)to

To account for serial dependence in f3,, regression model (6) is modified in such
a way that coefficient of of Ay, is replaced by the variance, o2, of the disturbance
terin in the autoregressive process (1) that describes the time series behavior of
B:. Model (3) can be written in matrix notation:

?."XI+3'

Let M = (I ~ X(X'X)™'X’) and denote the ij*" element of M by m;;. Then equation
(10) can be rewritlen as

ul = olm, + a?.-z:'_l mix} + w. (12)

*The sssumplions are:

(i} Mean value of independent variable x, is zero;

(i) The number of nhservations, n, is very large.

3 As estimators of 8 nonnegative pacameter, bath 6} and o3’ have a serious Naw since they are not
restricted from heing negative. Nannegalive estimators of 0} auch aa

o4 = max(a}, 0) (an

can be easily constructed. Estimator 6} clearly has a lower mean square error thap é1 bul it also has
2 pasitive bias which is a serious defect from the point of view of hypothesis tesling. We shall,
therefore, use unbiased eslimators of o} which are not restricted (rom being negative.

* Each firm consists of a portlolio of sasels thal gradually changes over time ns old nasets are
discarded and new ones are adrded When the risk of the discarded or wasted assets is not equat Lo the
risk of newly acquired assets, Lhe risk of the entire portfolio of nasets, i.e., the firm, also changes over
time. The longer the elapsed time interval, the larger is the change in riak likely to be. Since firms
rarely change all their aseets at once, their risk in adjacent periods is likely to be similar.

" See Fisher and Kamin [8). and Bague [4].
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If a random walk process (p = 1 in (1)) is the alternative hypothesis, (12} is
modified to”

I;? = 0;1"'11 4 0;2. 2:“ . ):" \ ’nh,nl[-rlx/ min(il /) + 1wy, (l"])
- FAd

Unbiased estimates of of, the intercept variance, and o?, the step variance of the
stope, can be ohtained by ordinary least squares to estimate (13).

[n the more general case when fi, follows an autaregressive process (1) with
slep variance o2 and serial correlation p, (12) is further modified to:

af = olmu + oLy B mumyx,by + i (14)
- i
P
where ¢, = -—— +plv )::‘“ p** and ! = min{i, j),
] — -

and unbiased estimates of o and af can be obtained from OLS regression on
(14).°

Tests of Significance

Under well-known conditions,'” the ratio of OLS estimates of linear coefficients

ta their standard error of estimation have a Student-{ distribution, and this
property is often utilized in conducting tests of significance on linear coefficients.
Since the distribution of w, is not normal, these conditions are clearly not fulfilled
by the linear madel (10), and therefore “i-tests” an coefficients of this model
provide only an approximation. Since coefficient estimates 67 and 67 are unbiased,
under the null hypothesis o} = 0, Lthe “t-ratio” has zero mean. Monte Carlo
experiments (n = 50, 100 replications) indicated that the relative frequency of
observing a “{-ratio” larger than 1.64 (which corresponds to the right-tailed test
at the § percent level of significance for a normal distribution or f-distribution
with very large degrees of freedom) is about 6 percent. Therefore, if we reject the
null hypothesis a2 = 0 whenever the ratio of 6 to its standard ervor is greater
than 1.64, we commil a type I error only aboul 6 percent of Lhe time." Monte
Carlo experiments also indicated that (1) both mean and median of a “t-ratio”
are slightly negative, (2) distribution of a "¢-ratio” is skewed to the right and (J)
the variance of a “¢-ratio” is close to 1 under the null hypothesis but increases
substantially when a? is increased.

Results

Summary statistics for estimates of step variance of the market risk (d?) of
individual NYSE stocks under the random walk hypothesis are given in Table

! Derivation of equations (13) and (14) is available (rom author upon request.

* Fisher and Kamin's [B) X is the ratio of Lheir estimales for individual stocks.

' See Graybild {9, Ch. 6).

"' Power funclions and ather details of the test obtained from Monte Carla experiments are given
in Sundler [ 16, pp. 114-1256).
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[."" A( the top of Table [ are the slatistics for estimaltes of step varinnce over the
600-month period from January, 1926 to December, 1975, One hundred and
twenty-seven stocks satisfied the minimum data requirement thal a complete
recard of return data be available for the 600 months. A similar minimum data
requirement has been used for results presented for other intervals. We shall
return later to the probable effects of the minimum data requiremment on the
resul(s presented here.

The mean and median of estimated variance of the monthly changes in the
market risk of 127 stocks during the fifty-year period 1926-76 are 0.0019 and
0.0014, respéctively. The mean value corresponds to a standard deviation of
0.0436 for monthly and 0.151 for yearly changes in the market risk of a stock.
This magnitude of nonstationarity of risk appears to be nontrivial. On the basis
of this average, the difference between Lhe risk of a stock in two consecutive yenrs
would be greater than 0.15 in magnitude for one oul of every three cases. An
error of 0.15 in estimation of market risk implies an ervor of | percent in estimated
expectled return on the stock under the Sharpe-Lintner model if the expected risk
premium is assumed to be 6.7 percent.

Every one of the 127 individual stocks has a positive estimale of 62, while under
the null hypothesis, less than 50 percent would be expected to have positive
values of ¢2. Under the null hypothesis, only about 6 percent of the “(-ratios”
would be expected to exceed 1.64. About 88 percent of the stocks have “(.ratios'
greater than 1.64. This evidence soundly rejects the hypothesis that the risk of
individual stocks over this fifty-year period was stationary (a2 = 0).

The remaining parts of Table | present the summary stalistics for estimales of
step variance o? of individual stocks for 300, 150, and 75-month segments of the
time series. Power of Lhe test is reduced with the reduction in the number of
observations. Al stocks for which a complele return record over the respective
interval is available on the CRSP file have been included. Fvidence of nonsta-
tionarity in the twenty-five year period 1926-50 is aliosl as strong as in the
entire fifty-year period with cross-sectional mean and median values of a2 equal
to 0.0069 and 0.0049, respectively. Over 96 percent of the “/-ratios” are posilive
and over 77 percent exceed the critical level of 1.64. Since both the Depression
and the World War II years are included in this lime series, strong evidence on
nonstationarity of risk of individual stocks is notl surprising. Evidence ol nonsta-
tionarity of risk during the latter hall of the time series, 1951-75, is still strong,
though the level of nonstationarity is lower in this period. Mean and median
values of 62 are 0.0034 and 0.0019, respectively, with 79 percent of the estimates
greater than zero. Over 39 percent of the t-values are greater than 1.64.

The next four rows of Table [ show the results of estimation for four 150-month
segments of the time series. The null hypothesis of stationary risk is rejecled at
the 6 percent level for about 23 percent, 53 percent, 8 percent and 26 percent of
the stocks in 1926-38, 1938-50, 195163, and 1963-75, respectively. As one might
expect, the accuracy of estimates suffers as fewer observations are used. During

7 June 1976 version of the CRSP Manthly Return file at the Universily of Chicagn was used for
Lhese rerults.
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1951 -63, the market risk of individual slocks was just aboul stativnary. In all
other 150 month intervals, there has been considerable nonstationarity.

The last segment of Table I shows results for eight 75-month segments of the
time series. The significance of this evidence of nonstationarity weakens as the
number of observations diminishes and the test interval is shortened. 1In five 75-
month segments beginning Oclober 1944, there is litlle evidence of nonstation-
arity. In the first three 75-month segments, significant evidence of nonstationarity
can he scen."

‘I'he estimates of variance of changes in the market risk of individual stocks
presented above are obtained under the alternative hypothesis of random walk
behavior of B, Eslimates of this variance under the autoregressive hypothesis
can be obtained for specified values of p with the help of equation {14).

Sample Selection Bias

Only those firms that satisfied a 100 percent data availabilily requirement over
the respective intervals have been included in the results presented in Table 1.
The minimum data requirement induces a survival bias to the sample of firms. If
the longevily of a firm were systematically related to the degree of nonstationarity
in its markel risk, the use of this sampling procedure would have induced a bias
in the estimates presented in Table I.

We conducted the following tests to determine il the sample selection
procedure has systematically affected the results presented in Table 1. We
computed Lhe summary statistics for ¢ and t-values over each 75-month test
interval for all firms which had 100 percent data available over the 150, 300, and
600-month intervals, respectively, in which the 75-month interval is contained.
IFor example, out of 356 firins for which data are available over the 75-month
interval from January 1926 to March 1932, 308 firms have data available for
January 1926 to June 1938, 262 firms have data available for January 1926 to
December 1950, and 127 have data available for the entire fifty-year period.
Summary statistics for tests conducted over the 75-month period from January
1926 to March 1932 for the 356 firms were compared with the summary statistics
for the J08, 262, and 127 fivm subsets. Tabulation of results for these and other

Y Since the power of the test declines (standard ervor of estimation of o) increases) with the
decrease in the number of nhservations used, the most powerful test {and most sccurste estimate of
al) for any interval of Lilne series is ohtained by using all the dats for the time interval. For example,
if we were interested in estimating o] over the entire 50-year period, the use of 50-yenr data provides
a maore accurate estimate of of than Lhe Lwo 25-year subseries can provide. Further, when the true
value of n! is greater than zero, the probability that the estimated vslue of o} (and its “t-ratio”) will
be positive declines with the reduction in the number of observations used This can be seen in the
colump headed “Percent > 0" in Table 1. .
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subintervals'indicated that the sample selection procedure used does nut seem Lo
have introduced a bias into the estimates of nonstationarity."

Tests on Portfolios

Several existing studies' have presented evidence on nonstationarity of the
market risk of portfolios of common stocks and have concluded that the impor-
tance of nonstationarity declines with the increase in portfolio size. As with the
existing studies of the behavior of the risk of individual common stocks, analysis
of portfolios usually involves analysis of OLS estimates of risk from two or more
adjacent segments of timme series. T'able Il contains estimates af the variance of
changes in the market of risk of portfolios of various sizes aver the eight 75-month
intervals. Equally weighted portfolios are formed by random sampling of stocks
from the CRSP file. Individual stocks included in the portfolios are those for
which all the 75 months of data are available.

The variance of changes in the markel risk of portfolios decreases as Lhe
portfolio size increases. This is Lrue of every one of the eight 75-month inlervals.
For example, during July 19)8-September 1944, the average variance declined
from 0.0264 for individual stocks to 0.0051, 0.0021, 0.0013 and 0.0005 for 10, 25, 50
and 100 stock portfolios respectively. The median values are slightly lower than
the mean values.

If changes in risk of stocks are cross-sectionally independent, we would expect
the variance of the changes in the market risk of portfolios to decline in inverse
proportion to the number of stocks in the portfolio. A graph of estimated variance
on size of portfolios indicated that in every one of the eight periods examined, the
observed decline is approximately proportional to the inverse of the portfolio
size." It may be inferred from this evidence that the changes in market risk of
individual stocks are, for the most part, cross-sectionally independent. They
cannot be completely independent since the risk of the market portfolio is fixed
at 1.

The period from July 1938 to September 1944 exhibits the greatest degree of
nonstationarity in the marsket risk for individual stocks; during the four 75-month
intervals beginning October, 1944, the risk of individual stocks shows little
nonstationarity on average. The same is also true of the portfolio risk; the periods
of high nonstationarity in the risk for individual stocks are also the periods of
high risk uncertainty for the portfolios.

' This ble is available from the author on request.

It may appeas lo be surprising Lhat the slacks with high nonstationarity in Lheir risk sre no more
likely to be defisted than those having relatively stable risk. Huwever, a high degree of nonstationarity
only implies a higher chance of a change in the market risk, which can be either positive or negative.
I we assume thst the high-risk stocks are more likely Lo be delisted than the low-risk stocks, the
higher probability of delisting of stacks which undergo & positive change in their markel risk is
balanced by the lower probability of delisting of those which undergo s negative change. Un the
whole, therefure, higher nonstationarily need ot imply higher probability of delisting.

* See Blume {2); Jensen [11): Deaver, Kettler and Scholes [1].

* The graphs are avaitsble from the authar on request.
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Concluding Remarks

"I'he purpose of Lthis paper has been to present unbiased and consistent estimates
of varinnce of changes in the market risk individual common stocks and their
portfolios. ‘I'he estimales of variance depend on the hypothesis about the behavior
of risk over time. Two specific alternatives Lo the null hypothesis of stationarity
are considered: First, the market risk follows a random walk over time, and
second, il follows an auloregressive process. The estimales of variance are
presented lor the random walk hypothesis. The procedure for oblaining estimates
for the more general autoregressive hypothesis under a prespecified value of senal
correlation coelficient, p, is also presented.

The null hypothesis of stationary risk, o} = 0, is soundly rejected for the
population of stocks during the fifty-year period 1926-75 and both the 25-year
subperiods. There are strong signs of nonstationarity in three of four 150-month
subperiods and in three of eight 75-monlh subperiods. The average level of
nonslationarity varies from one subperiod to another, being high during 1926-50
and low during 1963-75.

Efficient estimation of market risk requires estimates of step variance ol.
Unbinsed and consistent estimates of o for individual stocks and portfolios over
any given time series given in this paper can be combined with efficient estimation
techniques already available in the literature (see Footnote 1) to obtain better
eslimaltes of market risk.
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Co-Skewness and Capital Asset Pricing
IRWIN FRIEND and RANDOLPIH WESTERFIELD*

1. Introduction

VIRTUALLY ALL OF THE early studies of the Sharpe-Lintner capital asset pricing
madel (CAPM} found the predicled linear relationship between return and the
non-diversifiable risk of risky assets, generally represented by common stocks
listed on the New York Stock ISxchange (NYSE). However, they also found that
this return-risk relationship seemed to imply for most periods a riskless market
rate of return substantially above any reasonable measure of the actual risk-free
rates of return. Itecent papers point to a similar result if the market portfolio of
risky assets is represented by an appropriately weighted portfolio of common
stocks and honds instead of common stocks alone.!

‘Thus, it is noteworthy that a study by Kraus and Litzenberger finds that a
measure of co-skewness can be used as a supplement to the co-variance measure
of risk to explain the returns on individual NYSE stocks, and in Lhe process to
explain Lhe otherwise observed discrepancies belween these returns and the
returns on NYSE stocks as a whole.? In other words, they extend capital asset-
pricing theory lo incorporate the effect of skewness in return distributions,
making the assumption that investors have a preference for positive return
skewness in their portfolios (and therefore posilive or negalive co-skewness in
individual assets depending on the skewness in the market portfolio).® As a
consequence Kraus and Litzenberger are apparently able lo explain observed
relurns in the stock market withoul Lhe substitution of a non-observable zero-
beta construct for the risk-free rate. Kraus and Lilzenberger assume Lhat just as
investors are averse to variance in their portfolios, and therefore beta in individual
assets, they prefer positive skewness in their portfolios. Hence, since they also
assume that all investors hold the market portfolio, invesiors would be willing to
pay a premium f(or assets which possess positive co-skewness with the market if

* I'he authors are Edward ). Hopkinsan Professor of Finance and Economics and Associate
Professor of Finance at the University of Pennsylvania. The research assistance of Sang Koo Nam is
grulefully acknowledged.

' Sec Friend, Weslerfield and Granito [4] sl Friend and Westerfield [5]. These papers also raise
serious questions nhoul exclusive reliance on nondiversifiable risk in measuring the overall riskiness
of asaels,

2 See Kraus nidd Litzenherger (6).

*I'heir basic approach is Lo expand a utility function beyod the second moment in a Tavler Series
aud 1o examine shewness effecis. They do not consider higher order effecls. Assuming separation all
investors chanse the market portfolio {in equilibrinim). The market portfolio is nol mesan-variance
efficient bul is efficient with respect to the utility funclions that lead to sepsration. Thus the Kraus-
Litzenberger model is different from hut can be regarded as an extension of the earlier forms of the
CAI'M.
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