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ABSTRACT

This paper presents an integer programming approach to the
product mix problem. The model considers revenue interac-
tions among products and permits the addition and deletion
of products over a multi-period planning horizon. The pa-
per also discusses parameter estimation requirements, and
variations of the model's epplication to the product mix
decision problem.

INTRODUCTION

The problem of determining an optimal product mix is an
important problem faced by multi-product firms. Product
rix decisions involve introduction of new products into
the market and continuation or withdrawel from the market
of the current products. In the absence of cost and de-
rend interdependencies, introduction or withdrawal of each
product is an independent decision to be made on its own
rerits. However, frequent presence of interdependence
ancng products implies that the firm must determine its
entire product mix to maximize its profits. Fragmented de-
cisions involving consideration of one product at a time
would result in a suboptimal product mix.

Tre product mix problem is essentially dynamic. The prob-
len is not one of selecting a subset of products at time t
and holding them for a given period of time, but, rather

of adding and dropping products over a planning horizon.
Cne aspect of the problem is to recognize different pro-
ducts will have profitable life cycles that differ in
length and in the discounted value of the earnings stream.
Thus, over the planning horizon the composition of the pro-
duet mix should change as products are added or deleted
consistent with the firm's profit cbjective.

The litersture has reported only two previous attempts to
solve the sbove product mix problem. Rice [T] developed a
methodology for selecting s product line from a set of
available lines on the basis of maximum expected net con-
tribution. He did not consider the interdependencies which
represent the essence of the product mix problem. Nor did
his model allow dynamic adjustment of product mix as more
information becomes availsble in succeeding periods. Using -
a capital investment framework Kotler {4] considered the
dynamic planning and product interaction aspects of the
product mix problem. However, he presented only a graphi-
cel illustretion and suggested that there are no mathemat-
ical programming algorithms for selecting the best solu-
tion [b4,p.185].

This paper presents an integer programming approach tc the
product mix problem. Interaction effects between revenues
earned by the various products are explicitly considered.
Product introduction snd deletion decisions are simultane-
ously determined to maximize the firm's objective function
over the planning horizon subject to specific resource con-
streints. An example is presented to illustrate the com-
puter feasibility of the approach.

THE MODEL

Model Paremeters and Input Requirements

Assume that a firm has a planning horizon of T periods,
and has m existing products on the market at the beginning
of period 1. The firm also has n new products available
for introduction that can be introduced to the market in
any period from 1 to T.

In the following definitions, subscript i for 1<i<m denotes
the existing products and for m+l<i<m+n denotes the new
products.

Product life cycles.

Ci t is the estimated total cost of producing and marketing
** product i in period t after its introduction for i=1,
weesMy...,mtn and t=1,...,T, treating the existing
products as if they were introduced at the beginning

of pericd 1.

Li t is the estimated revenue from product i in period t
»“ after its introduction for i=l,...,m...,mtn and t=1,
cen,Te
»

Product interaction.

is the fraction of estimated revenue, L, _, repre-
senting the interaction effect on the revénue of
product i in period t after introduction of product
i due to its coexistence in the market with product
J for i=1,...,m#n; J=1,...,mtn; i#j; t=1,...,T.

-
l’J St

Decision Varisbles

Product introduction variables.
X = 1 if product (m+j) is introduced in period t, J=1,
Jst -
...on and t=1,...,T.
0 otherwise

Product withdrawal varisbles.

YJ " = 1 if product } is withdrawn at beginning of period
* t, J=l,...,m and t=1,...,T.

0 otherwise

Interaction Variables

Zi it = 1 if the ith and jth products are simultaneously
2 on the market in the tth period, i=2,...,mtn;
J=1,...,i-1; t=1,...,T.
0 otherwise
W = 1 if the ith and jth products are simulteaneous-
i,3,t,u

ly-on the market in period t and product i
_was introduced in period u; i=m+l,...,m+n;
To3=El, ... ,mén; iFd; t=1,...,T; u=l,...,t.
0 otherwise -

Objective Function

Assume the firm's objective is to maximize discounted pres-
ent value of net cash flows via product introductions and
withdrawals over the T periods. Let the discounting factor
be a a per period. Then the objective is

Max [PV1+PV2+PV3+PVh+PV5] (1

where
PVl is present value of net cash flows from existing pro-
ducts, without interactions
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PV2 is present vaelue of net cash flows from new products,
without interactions
m+n T T g1
=1 L X, Zo [L

{omtl t=1 1Yoy

i ,s-t+1'ci ,s-t+l] (3)
PV, is present value of sales revenue due to interactions
among pairs of existing products
M i-1 T
=1 & Ia%Y
i=2 J=1 t=1

w

4,0 e 0,0 T 0% e ()

th is present value of interactions effects among exist-
ing and new products
m+n m T
= 1 ra*?
i=mt+l =1 t=1
m+n m T t
+z I I ot
i=m+l J=1 t=1 u=l

4, . L, Z,
Jelst )t gt

1
4. L, .
i,d,t-utl 1,t-u+lw1,3,t,u (5)

PV5 is present value of interaction effects among new pro-

ducts

m+n i-1 T t -1

=z b I Ia"7d, . L W, .,

i=m+2 J=m+l t=1 u=l Jal,t=u+l"j,t-u+l J,i,t,u

mtn i-1 T t (6)
+L £ I paov?

d, L, W,
i=m2 j=m+l t=1 u=l 1,Jst-utl i,t-u+l"i,],t,u
Constraints

Each new product can be introduced only once:

T
X =1,...,0.
o1 3,141, 3=1, s (7
Each existing product can be withdrawn only once:
T
LY , J=1,...,m. (8)
TR
The following ccnstraints must be imposed to create
Z, :
I’J )t
For interaction terms, within existing product mix,
t t
LY, + I Y, +Z, >1
i S B TR (%)
t t
LY 22 <2

. + Y + .
k=1 1,k i=1 J:k 1;3:“"
for 2<i<m, j<i; 1<t<T.
For interaction terms between existing and new products,

t t
X, - LY - Z, <0
k=1 i-m,k k=1 3,k i,J.,—
t t (10)
L X, - Y - 22, >-1
k=1 i-m,k k=1 3ok i,),t—

for m<i<mtn; 1<j<m; 1<t<T.

For interaction terms within new products,
t t
L X, + Z X -2 <
-, 1-mk k=1 J-m,k i,J,b—l
t t

X Z X - 22, >0
e1 oy dmmek T %6 (1)

for i=m+l,...,m+n,m<j<i, t=1,...,T.

. +
i-m,k

The following constraints must be imposed to crease

W
1,5,t,us

+ - < i i>
Zi »Jat xi°m!u wi ,Jat:u —1 ir1 J

+ - >
Zi,J,t xi-—m,u 2wi,3,t,u 20
and (12)
Zya,e T Nomu T ViLgte S oar aq
+ - >
Zyint " Kiemu T M yeu 20
for i=m+l,...,mtn; J=1,...,m+n; i#J; t=1,...,T; u=l,...,t.

Other constraints may be introduced to reflect budget,
profitability, technology, production capacity, and man-
power restrictions as well as product dependencies. For
example, introduction or withdrawal of one product can be
made contingent upon introduction or withdrawal of any
other product or group of preoducts. If management wants
to restrict the p-th existing product from being on the
market at the same time as the g-th new product, perhaps
due to production capacity limitetions, the constraints
s s
tEIYp’t tilxq'tzp for s=1,...,T

will ensure this.

DISCUSSION OF THE MODEL

The model does not permit reintroduction of existing pro-
ducts once they have been withdrawn, or withérawal within
the planning horizon of the new products once introduced.

It is assumed that all withdrawals and introductions are
made at the beginning of a period. The number of pericds
in the planning horizon, T, and the length of the periods
in the model will depend on the type of products for which
the model is being formulated and on the extent of plan-
ning the compeny wishes to do. The length should be at
least as long as the typical life cycle of the products
under consideration end preferably twice es long so that
the potential of the products introduced towards the end
of the first half of the horizon is fully realized within
the horizon periocd. An increased number of periods in the
horizon means an increasing number of variables in the
problen formulation and higher computational costs. In
addition, errors induced by the increased uncertainty in
parameter values for periods far into the future may more
than offset the advantages of a long planning horizon.

The model requires cost, revenue, and interaction esti-
mates before it can be used. L, defines the estimated
revenue from the ith product in tHe tth period after its
introduction, independent of all interacticns. All exist-
ing products are assumed to have been introduced in the
first period. Similarly, Ci defines the corresponding
total costs. The difference} (L, ,-C, ,), represents the
estimated net cash flow if product’i 1d7in the product mix

.* .in the tth period after its introduction.

The cost, C, ,, is assumed to be free of interaction
effects. Undér certain circumstances, such as when pro-
duction is subcontracted, this is a reasonable assumption
for production costs. However, cost interactions can be
modeled by adding cost interaction terms similar to the
revenue interactions in the objective function segments.

When a direct costing approach is used the firm can trace

fixed and varisble costs to the various products. Such an
approach would involve contributicn margins in the objec-

tive function, and would also permit the inclusion of in-

teractive marketing costs. The objective would be to max-
imize the contribution to the covering of common costs and
profits [2].

The revenue estimates require price and volume forecasts.
An appropriate estimation technique is presented in {1},
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and is adapted to a discounted cash flow approach in [31.
These techniques require subjective estimates from manage-
ment.

When & product is withdrawn in period t, no further costs
or revenues are incurred. Product life cycles longer than
T are effectively truncated at period T. This is not &
serious drawback when it is considered that period T lies
as far in the future as the company would like to plan.

The model assumes that management is able to determine the
various marketing mix varisbles for each product individu-
ally. If this has not been done, & product can be repre-
sented in the model by a set of products, each correspond-
ing to a different marketing mix. These multiple products
may be constrained to be mutually exclusive so that only
one may enter the product mix. In this way the model can
also determine marketing mix decisionms.

The interaction estimates between each pair of products

could be obtained by questioning the managers concerned
with those products. Though these estimates are essen-

tially subjective, their use in this model should yield

better decisions than iptuitive determination of product
jntroduction and withdrawal.

The matrix of interactions d has dimension ((m+n)x(m+n-1)
xT). These interactions can be modeled in & linear frame-
work by the addition of the interaction variebles Z and W
defined sbove. Eech Z and W varisble requires two con-
straints in its definition.

The total number of veriables in this model is at most

T(T+1)
2

% T(m+n) (mtn+l) = (m+n-1)n

and the total number of necessary constreints is at most
(m+n) {1+T(m+n)} + ?(T+1)n - (m+n-1).

In addition to products already on the market and products
available for immediate introduction, products in the R&D
stage and competitor's products can be included in the
model. At each stage of R&D costs, revenues, and product
interactions can be estimated for proposed products.

These products can be constrained not to be introduced in-
to the market before the expected development period is
over. Results of the model can be used to determine
whether R&D work on the product should be continued,
slowed down, speeded up or dropped altogether.

Similerly, the competition's products can be included in
the model and constrained to stay on the market as long as
expected. Both the revenues and the costs of such pro-
ducts will be zero. The interaction terms depict the
effect the competitor's products have on the firm's pro-
duct line. Those products which the competition is ex-
pected to introduce in the future cen be included in the
model by constraining them to enter in the appropriate fu-
ture period. Optimal product mix decisions obteined from
s model which includes the competitive products would be
superior to the decisions made without considering their
effects.

It is suggested that this model be run at monthly to semi-
annual intervals depending on the size of the problem,
computation costs, and volatility of the conditions in the
R&D leb end the market. Each run will indicete an intro-
duction and withdrawal plan for the periods over the hori-
zon and & GO, CONTIKUE, NOGO signal for the R&D products
included in the model. Even new project proposals for R&D
might be included in the model for evaluation, As re-
vised plans become available, appropriate marketing deci-
sions can be made to implement them over the horizon peri-
oa. Thus a periodic spplication of this model will pro-
vide a long term as well as short term planning tool.

Subjective or non-quantifiable factors can be considered
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by using a procedure developed by Piper and Zoltners 6]
which makes it possible to obtain the set of best solu-
tions to an integer progremming problem. The decision
maker can then make his choice among these solutions in a
subjective way considering all factors excluded from the
formal model.

A SPECIFIC PROBLEM

Progressive Industries, Inc., (PII), is a medium sized
firm which manufactures and sells electric blenders. Ideas
for developing new models and precducts come from its own
research and development facility. Beginning with the ini-
tial idea for a product, PII makes and reviews & series of
decisions: whether to begin development, to continue de-
velopment, to market, and finelly, to withdraw the product.

At present PII markets two different blender models, &
half-gallon femily size (model A) introduced three years
ago and a one quert size (model B) introduced one year ago.
The marketing manager estimates the remaining market life
of model A to be three yeers and of model B to be four
years. The marketing manager also believes that the two
blenders are functionally substitutes for each other. Al-
though the blenders are sold to different market segments
(segmented by femily size), sales revenues for each pro-
duct when they are marketed jointly are estimated to be
about 10% less than the estimated sales of each if they are
marketed independently. The estimated sales revenues for
the next five years are given in the first two rows of
Table 1. Based on past performance, PII has determined its
production and marketing costs for these products are as
given in the first two rows of Table 2.

TABLE 1
Expected Revenues Over the Product Life of Each Model
($10,000)
Model Year
1 2 3 b 5
A 10 13 16 0 0O
B 20 15 10 5 O
New Deluxe Blender 5 8 18 14 10
New Mixer 3 12 25 18 6
TABLE 2
Expected Costs Over the Product Life of Each Model
($10,000)
Model Year
1 2 3 It
A 7.0 8.5 10.0 1.0 1.0
B 13.0 10.5 8.0 L.,5 1.0
New Deluxe Blender 8.5 7.0 12.0 10.0 8.0
New Mixer 11.5 8.0 1k.5 11.0 5.0

R&D recently completed designs for two new products--a de-
luxe one quart blender to appeal to & high income market,
and.a new addition to the product line, & mixer.

Initial merket research has indicated that each of these
products could be marketed profitebly by itself. The es-
timated revenues for these iwo new products, if each were
to be marketed alone, are given in the last two rows of
Table 1, with the corresponding total costs in Table 2.
The marketing maneger believes that introducing the deluxe
blender would not affect the sales of model A, but the
presence of model A on the market would decrease the ex-
pected revenues of the blender by 10%. If the deluxe
blender is introduced, the gales of model B are expected
to fall approximately 25% while the presence of model B on
the market is expected to decrease the expected revenues
of the blender by 20%.

The mixer, however, is expected to increase the sales of




models A and B by about 10% because a greater variety of
Products would make the brand name more aprealing to the
market. The presence of model A would result in g corres-
pording increase in appeal for the brand name and would

expected. The presence of the mixer on the market is not
expected to affect the sales of the deluxe blender. Table
3 summarizes the Product revenue interactions.

The problem faced by menagement is to schedule the intro-
duction of the deluxe blender and the mixer, and subsequent
withdrawal of existing products so &5 to maximize the net
Present value of the product line over the planning horizon.

The model developed in the Previous section was applied to
this problem resulting in an integer program with 140 var-
isbles and 2bs constraints. Fortunately, integer programs
of this type possess a structure which considerably re-
duces solution effort. For example, the rajority of con-
straints are logical constreints, like (7) - (12), which
eliminate many solutions and can be handled explicitly
within an algorithm. In & typical problem there will be
comparatively few structural constraints such as budget-
ing, production capacity. PFurther advantage arises be-
cause the objective function "cumulative" profit coeffi-
cients are monotonically nondecreasing as a function of t.
Consequently, if the revenue interaction terms were rear-
ranged, they, too, would be monotonically changing as a
function of t.

Although the PII product mix problem could be solved by

hand, we i

veloped by Piper [2] which €asily solved the problem. The

optimal solution, shown in Table 4, indicated that PII cen

meke & profit of $521,000 over the next five Years if

1. Model A is withdrawn from the market at the beginning
of period 5,

2. Model B is withdrawn from the market at the beginning
of period 5,

3. the new deluxe blender is never introduced to the mar-
ket, and

L. the new mixer is introduced to the market at the begin-
ning of period 1.

TABLE 3

Product Revenue Interactions for the Product Line
Model

Model A B Deluxe Blender Mixer
A o] -0.10 0 0.10
B ~0.10 0 -0.25 .10
Deluxe Blender -0.10 0.20 0 Q
Mixer .10 .10 .05 0
TABLE 4
Product Revenues and Optimal Product Mix Profits
($10,000)
Year
Model 1 2 3 L 5 Total
A 10 13 16 0 * 39
B 20 15 10 5 * 50
Blender * * * * = -
Mixer 3.6 1.k 30 21.6 ¢ 15.6
Total 33.6 L2 T 56.0 26.6 6 164 .6
Total Costs# 31.5 27.0 32.5 16.5 5 112.5
Profits 2.1 12.% 2375 10.1 1 52.1

*Not in the product mix
#From Table 2

It is interesting to observe that model A is kept on the
market in the fourth year when its sales are zero. This
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can be explained by noticing that model A has a positive.
revenue interaction with the new mixer. Mixer sales, with-
out revenue interactions ip the fourth period are esti-
mated to be $180,000 (Table 1). Total sales will increase
by $36,000 if model A stays on the market. Since model A
accounts for $18,000 of this increase which is larger than
model A's production costs and other intersction effects,
model A will remain on the market in rericd four. If map-
agement is uneasy about this solution, model A can be
withdrawn at the beginning of period four, producing cost
savings of $10,000, sacrificing revenues of $18,000 for
the mixer, and increasing model B's revenues by $5,000.
Thus , dropping model A would reduce profits by $3,000 to
$518,000.

After inspecting the suggested solution, some questions
may arise concerning the new deluxe blender. For example:
Why wasn't the deluxe blender introduced? How would its
introduction impact on expected profits? What is the best
introduction and withdrawal strategy if menegement re-
quired the introduction of the new deluxe blender? These
questions can be resolved via postoptimality analysis.

The new deluxe blender was not introduced because of its
negative revenue interaction with models A and B. This
can be verified when one observes that if interaction
effects were not considered the optimal solution would

The estimated
See Table 5.

would be introduced in the first period.
profit under this plan is $399,000.

TABLE 5
Product Revenues and Product Mix Profits
Without Revenue Interactions

($10,000)
Revenues

Year
Model 1 2 3 L 5 Total
A 10 13 16 * * 39.0
B 15 11.25 7.5 L4.o5 = 38.0
Blender 3.5 5.6 12.6 11.2 10 k2.9
Mixer 3.75_15.0 31.25 20.7 6.3 77.0
Total 32.25 L4.85 65.35 36.15 16.3  196.
Total

Costs# 140.00 34.00 Li.s0 25.50 13.0 _157.0

Profits ( 7.75) 10.85 22.85 10.65 3.3 39.9

*Not in the product mix
#From Teble 2

If management felt that the blender should be introduced,
the optimal product-mix strategy is shown in Table 6.
Estimated profit over the five periods is $453,000.
is a decrease of $68,000 from the previous optimum.
Hence, a new deluxe blender introduction would cost PII
$68,000 in profits.

This

Table 7 shows the value of the new mixer to the firm's
product mix. If the new mixer was withheld from the mar-
ket, expected profits would be reduced to $237,000.

Although the product mix example used was simple, never-
theless, as was shown, the model is easily adaptable to
explore the implications of alternative decisions. As
illustrated, & number of "what if" questions can be an-
swered, thereby allowing management to understand the
consequences of alternative solutions.

CONCLUSION

This paper has considered the problem of determining a
firm's optimal product mix. A Q-1 integer pProgramming
model has been presented which considered revenue inter-
actions between products. Products already on the market




TABLE 6

Product Revenues and Product Mix Profits With Blender

($10,000)
Revenues
Year

Model 1 2 3 L 5 Total
A 10 1Lk.3 17.6 » * 1.9
3 15 * * * * 15.0
Blender 3.5 7.2 16.2 1k 10 . 50.9
Mixer 3.75 13.8 28.75 _18.9 6.3 71.5
Total 32.25 35.3 62.55 32.9 16.3 179.3
Total

Costs# 40.0C 23.5 36.50 21.0 13.0 134.0
Profits (7.75) 11.8 26.05 11.9 3.3 5.3

#Yot in the product mix
#From Table 2

TABLE T
Product Revenues and Product Mix Profits Without Mixer
($10,000)
Revenues

Year
Model 1 2 3 L | Total
A 9 13 16 * * 38
3 18 * * * * 18
Zlender * k.5 7.2 18 1k 43.7
w“ixer #* #* * * * -
Total 27 17.5 23.2 18 1k 99.7
Total -
Costs# 20 15.5 22.0 10 8 15.5
Profits 7.0 2.0 1.2 8 6 2h.2

*Not in the product’'mix
#From Table 2

zay be withdrawn and new products may be added, over a
rulti~pericd horizon.

The model considers only first order (between each pair of
products) interactions. Higher order interactions can be

incorporated at the cost of substantial increase in prob-

lem size and data requirements.

Since there is no concept of duality in integer program-
cing, sensitivity of solution to variation in input param-
eters has yet to be determined. If solutions given by the
technique cen be shown to be robust with respect to smell
changes in estimetes of parameters, accuracy requirements
on data collection can be accordingly relaxed.

Finally, it should be stressed that, while complicated,
the integer programming model presented in this paper con-
ceptualizes the basic combinatorial nature of the multi-
reriod product mix problem. Actual operationalization
would involve specialized computer codes which would take
considerable advantage of the problem structure. These
codes would meke it feasible to develop interactive deci-
sion systems for the marketing executive.
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