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Abstract. Foreign exchange rates have been subjected to periods of tighter or looser controls as various political
and economic forces have waxed and waned. When currencies were backed by gold there were fixed exchange
rates. In 1973 floating exchange rates were adopted though many countries did try to keep their currency values
within certain ranges. More recently the European Economic Community formalized this practice. Free-floating
exchange rates might be well characterized by the lognormal distribution which is standard in option pricing.
However, this is probably a poor approximation for exchange rates which are kept within some range by the
actions of one or both governments or central banks. This paper develops a model which can be used to value
options and other derivative contracts when the underlying exchange rate is bounded in a fixed range(a, b).
Methods for pricing both European and American style options are developed.
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1. Introduction

In recent years, the number and variety of foreign exchange based financial products has
expanded enormously. OTC and private party derivatives have also increased in scope
and importance. At the same time, the once free-floating exchange rates, which might
well be characterized by the standard lognormal distribution of option pricing theory, have
been more tightly fixed relative to one another, particularly in the European Economic
Community.

Of course, this change has really been a more formal adoption of policies which have
long been in place. The 1946 Bretton Woods Agreement established fixed exchange rates
between most currencies. Under this understanding, the various countries agreed to keep
their currencies within a narrow band of a parity value.

In 1973 floating exchange rates were adopted. However, the central banks of many
countries still attempted to hold their exchange rate within a particular range relative to
gold or some other currency, usually the dollar. In the first half of the 1980s exchange rates
relative to the dollar were typically allowed to fluctuate more while the yen and the mark
took on more important roles. The mid to late 1980s were characterized by cooperative
stabilization attempts such as the Plaza Agreement in September 1985 which succeeded in
lowering the value of the dollar against the currencies of its major trading partners.

The European Economic Community adopted a much more tightly controlled system
known as the Exchange Rate Mechanism (ERM) in March 1979. Under the ERM each
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member country was, and is, required to maintain its exchange rate with the European
Currency Unity (ECU) within certain bands. After several realignments of the currencies
in the early 1980s, the ERM stabilized with bands of±2 1

4% of parity with the ECU for
each currency.1

In September 1993, Italy and the U.K. could not maintain their currencies within the bands
and were required to leave the ERM. In August 1993 the bands for six of the remaining
members (Belgium, Denmark, France, Ireland, Portugal, and Spain) were relaxed to±15%.
These wider bands are still in effect with only Germany and the Netherlands maintaining
the more narrow bands of 214%.

This paper examines the effects of targeted exchange rates with strict bounds on the value
of foreign exchange options and other derivative contracts. A bounded stochastic process
limits the range of the exchange rate at the option’s maturity and hence the uncertainty of its
payoff. This tends to decrease the value of a simple put or call. On the other hand, the bounds
also keep the exchange rate in a small range around the strike price. As this is the region
in which an option’s time or insurance value is highest,2 there is also a tendency for option
values to be enhanced. Both of these effects are important for realistic choices of parameter
values. Overall the presence of bounds can have a material effect on option values.

The models developed here may also be applicable for pricing derivatives on agricultural
products or other assets in whose markets the government may support prices.

Section 2 of this paper reviews some the basic relations. Section 3 discusses bounded
processes while section 4 discusses the particular process employed here. Sections 5 and 6
derive various models to solve derivative pricing problems.

2. Basic Relations

The notation we employ uses starred letters to denote foreign (franc) values. The dollar
value at timet of a default-free zero-coupon loan paying one dollar at timeT is B(t; T).
The timet value in francs of a default-free zero-coupon loan paying one franc at timeT
is B∗(t; T). The domestic and foreign continuously compounded rates of interest arer
andr ∗. (These rates are not necessarily assumed to be constant.) The dollar-franc spot
exchange rate (i.e., the value in dollars of one franc) isxt . The franc-dollar exchange rate
is x∗t = 1/xt .

The most common foreign exchange derivatives are forward contracts and their exchange
traded counterparts, futures contracts. To prevent arbitrage the forward price for the delivery
of francs must bext B∗(t; T)/B(t; T) dollars. The forward price for the delivery of dollars
is the reciprocal,x∗t B(t; T)/B∗(t; T) francs.

The futures foreign exchange rates for francs or dollars at timeT areztT andz∗tT . As
shown by Cox, Ingersoll, and Ross (1981) the futures price may differ from the forward
price due to the daily marking to market.3

There are numerous other foreign exchange derivative contracts trading, and new con-
tract types are being designed continually. Even the simple options listed on the various
exchanges throughout the world come in more than two dozen varieties. In this paper we
concentrate on puts and calls. The same techniques can be applied to the more complex
contracts.
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There are sixteen simple options of interest. Each option can be a put or call, American
or European in style, written on francs or dollars, and denominated in francs or dollars.4

The values of these sixteen types are closely related by three simple rules, however, so
there is only one basic pricing problem for European options and two basic problems for
American options. Most listed foreign exchange options are European style, except on the
Philadelphia Exchange where both types are traded.

The first relation is simply a change of numeraire. Ifc is the dollar value of a contract,
thenc/x (orcx∗) is the franc value of this same contract. This rule applies to both American
and European options and, in fact, any security.

The second rule is international put-call equivalence which relates domestic puts to foreign
calls and vice versa (see Giddy 1983). A foreign call on dollars is identical to a domestic
put on francs. In particular a call on one dollar with a strike price ofK ∗ francs is the same
asK ∗ puts on one franc each with a strike of 1/K ∗ dollars. The price of the foreign option
on dollars would usually be quoted in francs so combining rules

c∗(x∗; K ∗) = K ∗p(x; 1/K ∗)/x = K ∗x∗p(1/x∗; 1)
p∗(x∗; K ∗) = K ∗c(x; 1/K ∗)/x = K ∗x∗c(1/x∗; 1). (1)

Again this rule applies to both American and European options. Although the Black-
Scholes function is homogeneous of degree one in its arguments, option values need not
be in general. In particular the formula developed in this paper is not homogeneous of any
degree. It is therefore improper to “simplify” the right-most terms of (1) top(K ∗; x∗) and
c(K ∗; x∗).

The foreign exchange version of put-call parity is put-call forward-exchange parity (see
Giddy 1983). A European put and a call on one franc each with a strike price ofk dollars
and maturing at timeT are related by

p(x, t; k, T) = c(x, t; k, T)− x B∗(t; T)+ kB(t; T). (2)

Here the foreign bond price,B∗(·), serves as a “dividend” adjustment for the foregone
interest. Put-call parity only holds for European options.

To further complicate option taxonomy, there are alsofutures-style optionsor, more
precisely, options with futures-style margining.5 A futures-style option is not really an
option at all. It is a futures contract on an option-like payoff. As with any futures contract,
no money (other that a bilateral performance guarantee margin) is paid up front. Each day
the contract is marked to market, and the long (short) parties’ margin accounts are credited
(debited) with any increase in the futures option price.6 The difference between a futures-
style option and a regular futures contract is the final settlement price at maturity. With a
regular futures contract, the final settlement price must peg toxT . The final settlement price
for a futures-style option pegs to Max[xT − k, 0] for a call or Max[k− xT , 0] for a put.

Cox, Ingersoll, and Ross (1981) have shown that any futures price is equal to the risk-
neutral expected value of the spot price at maturity. So for example,ztT = Êt [xT ]. For
a futures-style call, the “spot price” at maturity is Max[xT − k, 0] so the futures-style call
price at timet is Êt [Max(xT − k, 0)] and similarly for futures-style puts.

Cox, Ingersoll, and Ross (1981) also proved that futures prices could be treated like
asset prices for the purposes of valuation including the use of the risk-neutral method.
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Therefore, the change of numeraire and international put-call equivalence rules are valid
for futures-style options. Futures-style put-call parity is different though. The relation is

pfutures-style(xt , t; k, T) = cfutures-style(xt , t; k, T)− ztT + k. (3)

Futures-style put-call parity has no discounting since futures prices, including futures-style
option prices, are all expectations of prices in the future and not discounted expectations.7

Exchange-listed foreign exchange options are commonly written with a futures price as
the basis. Since the futures price for immediate delivery must equal the spot price, futures
and spot based European options are identical if the futures has the same maturity as the
option. Therefore, with no loss of generality, we can assume the basis for the option expiring
at timeT ′ is a futures which expires atT (with T ′ ≤ T). For options on the spot price
we just setT = T ′. The same basic rules given above apply to options with futures price
bases.8

American options on the spot and the futures exchange rates, however, are not identical
due to differing payoffs at early exercise. A call with a spot price basis has a payoff of
xt − k upon exercise while a call with a futures price basis is worthztT − k.

3. Bounded Exchange Rates

We model the exchange rate dynamics under the assumption that one or both governments
will intercede to stabilize the foreign exchange market. Specifically we conjecture the
governments act, together or alone, to keep the exchange rate in the rangea(t) to b(t) at
time t .

Although only the bounds prevailing at the maturity of a European option directly affect
its payoff, we need to recognize the effect of the bounds at earlier times on the dynamic
behavior of the exchange rate and consequently on the probability distribution of the option’s
payoff. Furthermore, the behavior of the spot exchange rate and the two countries’ interest
rates must be linked in order to prevent arbitrage opportunities.9 In particular, necessary
conditions for the absence of arbitrage are

a(T) ≤ a(t)
B∗(t; T)
B(t; T)

b(T) ≥ b(t)
B∗(t; T)
B(t; T) (4)

for all T > t .
For example, suppose the latter condition fails to hold. Then when the exchange rate

is at its upper bound, the domestic bond market dominates the foreign bond market. An
investment ofb(t) dollars (or one franc) in foreign bonds will be repatriated at timeT for
x(T)/B∗(t; T) dollars. Asx(T) is bounded byb(T), the repatriated dollars can be no
more thanb(T)/B∗(t; T). Now if the no-arbitrage condition above fails to hold, this in
turn is less thanb(t)/B(t; T). But this last amount, which is more than can be earned in
the foreign bond market, is the guaranteed result in the domestic bond market.
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It is clear from (4) that the exchange rate and the two countries’ interest rates must be
linked to prevent arbitrage. For example if the exchange rate bounds are constant over time,
then both countries’ interest rates cannot be (unless they are equal) since one of the two
inequalities in (4) could not hold for largeT . On the other hand if the interest rates are
stochastic, pricing problems are complex. Fortunately the problems can be simplified by
using the futures price as the basis for the option since, as show in Proposition 1, the barrier
behavior of the futures price is straightforward.

Proposition 1: If the spot exchange rate at time T will be bounded between a(T) and b(T),
then the futures price at time t for delivery at time T must also bounded between a(T) and
b(T) for all t ≤ T .

Proof: For any probability distribution the expectation with respect to any information set
must lie within the range of the support of the random variable, soa(T) ≤ Êt [xT ] ≤ b(T),
and the proposition follows immediately sinceztT = Êt [xT ].

If this proposition is violated, than an arbitrage opportunity will exist in the futures market.
For example, if the futures price exceeds the upper bound,b(T), then shorting a futures
contract must realize a profit although its timing is uncertain. By suitably hedging the
futures contract to eliminate the timing uncertainty an arbitrage can be created.

Given Proposition 1, knowledge of the futures exchange rate process is sufficient to price
futures-style options, and knowledge of the futures exchange rate and domestic interest rate
processes is sufficient for pricing ordinary options. If we wished to price these options as a
function of the current exchange rate, we would need the dynamics of the spot exchange rate
and both countries interest rates. In addition we would need to verify that these dynamics
did not violate the no-arbitrage condition of Proposition 1.

We assume the futures price for delivery of francs at timeT follows the diffusion process

dztT = µ(·) dt +ϒ(z, t; T) dω (5)

in the bounded regiona(T) ≤ ztT ≤ b(T). As in the Black-Scholes model, the expected
change,µ, can have almost arbitrary functional form and may depend on either interest
rate or other, possibly stochastic, variables. Only the diffusion function,ϒ , will affect the
pricing of derivatives. We assume thatϒ(·) depends on onlyz, t andT .

The expected change need not be specified to price derivatives. All that is required is the
expected change under the equivalent risk-neutral (or martingale) process,µ̂(·). Since the
futures price is the risk-neutral expectation of the spot price at maturity, applying the law
of iterated expectations we have

Êt [zt+dt,T ] = Êt Êt+dt[xT ] = Êt [xT ] = ztT . (6)

Therefore, the risk-neutral expected change in the futures price isµ̂ = 0, or, equivalently,
the risk-neutral expected payoff from entering a futures contract is zero.

To fully define the stochastic process, the behavior of the exchange rate at the barriers
must be specified. The barriers may be accessible or inaccessible. Accessible barriers may
be reflecting or absorbing.10 The accessibility of a barrier depends onµ andϒ . In particular
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for a lower barrier to be inaccessible eitherϒ → 0 orµ→ ∞ must hold asz→ a. For
an upper barrier to be inaccessible eitherϒ → 0 orµ→−∞ must hold asz→ b.11

Modeling the barriers for the futures price as accessible absorbing barriers seems inappro-
priate as it cuts off all further uncertainty once the barrier is reached. Under this assumption,
the exchange rate would eventually become fixed at one barrier or the other. Making the
barriers accessible and reflecting would appear to be a better choice but actually admits
arbitrage. At an upper (lower) reflecting barrier, the futures price can only drop (rise);
therefore, a short (long) position in the futures contract, which requires no investment and
must make money over the next instant, is an arbitrage.

Adopting inaccessible barriers seems to be the best choice. Inaccessible barriers could
result from the government(s) taking more and more drastic stabilization measures as the
barrier was approached so that it could never be reached.

4. A Specific Model of Bounded Exchange Rates

The lognormal model of Black and Scholes,ϒ(z, t; T) = σz, is the standard for option
pricing and has been employed by many in the foreign exchange market. A natural extension
of the lognormal case for a bounded exchange rate stochastic process is a diffusion coefficient
of ϒ(z, t; T) = (z− a)(1− z/b)σ (t; T). For this choice, the martingale or risk-neutral
stochastic process equivalent to (5) is12

dz= (z− a)(1− z/b)σ (t; T)dω̂. (7)

This model is a natural extension of the lognormal model for two reasons. First, it
obviously includes the lognormal as the special casea = 0 andb = ∞. Second, as in the
lognormal model, the evolution of the reciprocal of the basis (and hence the franc-dollar
exchange rate) has the same functional form for its variance as does the basis with lower
and upper barriers of 1/b and 1/a. By Itô’s lemma

d

(
1

z

)
= µ1/z(·)dt + σ(t; T)

(
1

z
− 1

b

)(
1− a

z

)
dω. (8)

The variance of this process depends on the futures price. It vanishes at both barriers
making them inaccessible as shown in Proposition 2 below. It is highest at the midpoint of
the range(a+ b)/2. The logarithmic variance also depends on the futures price vanishing
at the barriers and achieving its maximum at the geometric midpoint

√
ab. We permit the

volatilities of distinct futures prices (indexed byT) to differ; in addition, the volatility of any
particular futures price may change over time as its maturity date approaches or conditions
vary.

Proposition 2: Assumingσ(t; T) is uniformly bounded, the barriers a and b for the risk-
neutral stochastic process in (7) are inaccessible. A sufficient condition for the barriers to
be inaccessible for the original stochastic process (5) is that the drift have a weak tendency
away from each barrier. I.e.,(∃a′ > a) such thatµ(z) ≥ 0 (∀z< a′), and(∃b′ < b) such
thatµ(z) ≤ 0 (∀z> b′).
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Proof: Defineξ ≡ 1
2`n[(z− a)/(b− z)]. The domain ofξ is the real line with−∞ and

∞ corresponding toz= a andz= b, respectively. By Itˆo’s lemma the stochastic process
for ξ is

dξ = e2ξ − 1

e2ξ + 1
v2 dt + (e

ξ + e−ξ )2

2(b− a)
µ(·) dt + v dω

= tanh(ξ)v2 dt + 2

(b− a)
cosh2(ξ)µ(·) dt + vdω (9)

wherev ≡ b− a

2
σ.

The first term is uniformly bounded in absolute value byv2dt . The second term is nonneg-
ative for all ξ < 1

2`n[(a′ − a)/(b− a′)]. Therefore at smaller values, the evolution ofξ
stochastically dominates that of the random walk process dw = −v2dt + vdω. Since−∞
is inaccessible forw, it is also inaccessible forξ , and, therefore,a is inaccessible forz.
Similar reasoning shows thatb is also inaccessible. The risk-neutral stochastic process for
ξ is

dξ = e2ξ − 1

e2ξ + 1
v2 dt + vdω̂ = v2 tanh(ξ) dt + vdω̂, (10)

and the same proof is valid withµ = 0.

As shown in (10), the risk-neutral expected change inξ positive and increasing forξ > 0
and negative and decreasing forξ < 0. Therefore, in the long run,ξ tends to±∞. In fact
whenξ is positive (negative) there is a non-zero risk-neutral probability that it will never
subsequently become negative (positive).13 Correspondingly, the risk-neutral probability
density forz tends to accumulate near one of its barriers, and whenz is below (above)
the midpoint,(a + b)/2, there is a non-zero risk-neutral probability that it will never
subsequently rise above (fall below) the midpoint.

The risk-neutral probability density function for the maturity-T futures price at times
conditional on the futures price at timet can be determined by stochastically integrating
(10) or from the second derivative of the price of an option as shown in the Appendix. It is

Prob{zsT ∈ (z, z+ dz) | ztT = z0}

= 1

v
e−v

2/8

√
(z0− a)(1− z0/b)

(z− a)3(1− z/b)3
φ

(
1

v
`n

[
z0− a

z− a

1− z/b

1− z0/b

])
(11)

wherev2(t, s; T) = (1− a/b)23
∫ S

t
σ 2(τ ; T) dτ

andφ(u) ≡ e−u2/2/
√

2π is the standard normal density function.
Figure 1 illustrates this distribution for a typical case. Plotted is the probability density

for the exchange rate in six, twelve and eighteen months. The barriers are±10% from the
midpoint of the range. The propositional standard deviation is constant over time and 6%
per year (measured at the midpoint). The initial futures price is 2% below the midpoint. The
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Figure 1. Probability density function for the stochastic process dz= (z−a)(1−z/b)dω̂. The standard deviation
is 6% measured at the midpoint of the range. The barriers are±10% of the midpoint and the initial value is 2%
below the midpoint.

most obvious characteristic of the distribution is its bimodal shape after eighteen months.
As noted previously, the probability that the exchange rate will be found close to one of the
two barriers tends to accumulate. Over the shorter interval (or, equivalently, if the process
has a smaller variance), the distribution may be unimodal; however, it is always “flatter”
through the mid-range than the lognormal distribution.

Of course, the density function for the true process can have a shape which is quite
different from that for the risk-neutral process. The true process is not restricted to have
an expected change of zero, and could, for example, have a central tendency toward some
interior point of the permissible range resulting in a unimodal density regardless of the time
period involved.

5. Pricing European Derivatives for the Bounded Process

Provided the domestic interest rate,r , is constant, the fundamental partial differential equa-
tion for pricing ordinary options and other derivatives for the postulated exchange rate
dynamics in (7) is

0= 1

2
σ 2(t; T)(z− a)2(1− z/b)2 fzz− r f + ft . (12)
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The appropriate condition at maturity,T ′, depends on the contract being valued. For
most contracts, we need not impose other boundary conditions since the two barriers are
inaccessible as previously demonstrated. However, some contracts, such as American
options, may have an “early-exercise” boundary within the barriers. For these contracts,
additional conditions will be required.

We could value contracts by taking the expectation of their payoffs with respect to the
risk-neutral probability distribution in (11). A simpler approach is to define a new function
g(ζ, t) ≡ (1− a/b) f (z, t)/[(1− k/b)(1− z/b)] in terms of the new variableζ ≡ (z−
a)/(1− z/b). As shown in the Appendix, the partial differential equation forg and its
maturity condition when the option is a call are

0 = 1

2
σ 2(t; T)(1− a/b)2ζ 2gζ ζ − rg + gt

subject to g(ζ, T ′) = Max

[
0, ζ − k− a

1− k/b

]
. (13)

This is the Black-Scholes equation and maturity condition for a call with strike price of
(k − a)/(1− k/b) on an asset with priceζ paying dividends continuously at the rater .
Using the Black-Scholes call function and reexpressing the value in the original variables
gives a price of

c(z, t; k, T ′) (14)

= 1

1− a/b
e−r (T ′−t)C

(
(z− a)(1− k/b), T ′ − t; (k− a)(1− z/b),

v2

T ′ − t
, 0

)
= 1

1− a/b
e−r (T ′−t)

[
(z− a)(1− k/b)8(h+)− (k− a)(1− z/b)8(h−)

]
whereh± ≡ 1

v(t, T ′; T)
[
`n

(
z− a

k− a

1− k/b

1− z/b

)
± 1

2
v2(t, T ′; T)

]
wherev is defined in (11),8(·) is the standard cumulative normal distribution function,
andC(S, τ ; K , σ 2, r ) is the Black-Scholes call option function for a call maturing inτ
years with a strike priceK on a stock with priceSand logarithmic variance ofσ 2 when the
interest rate isr .

A futures price is an expectation of a future value and not an expectation discounted to
the present like an asset price.14 Therefore, the same partial differential equation, without
the discounting term,−r f , holds for futures-style derivatives which are futures prices as
explained previously. This equation is now valid even when the domestic interest rate is
stochastic, as is evident from its absence in the equation. With the same substitution we
can derive the futures-style call price as

cfutures-style(z, t; k, T ′) (15)

= 1

1− a/b
C
(
(z− a)(1− k/b), T ′ − t; (k− a)(1− z/b),

v2

T ′ − t
, 0

)
.

The put and futures-style put prices can be determined by using the appropriate put-call
parity relation.
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Table 1.Value of foreign exchange futures-style call as a percent of
the strike price as given by equation (15). Interest rate isr = 5%.
Volatility parameter,σ , gives an annualized percentage standard
deviation of 10% at the current futures price,σ = z/[(z− a)(1−
z/b)] ·10%. Barriers are proportionally symmetric about the strike
price; e.g., ifa = 0.8k, thenb = k/0.8= 1.25k.

Range of Exchange Rate(a, b)
as a Fraction of the Strike Pricek

z/k 0,∞ 0,5, 2.0 0.8, 1.25 0.9, 1.11 0.95, 1.052

Three months to maturity
0.90 0.030 0.033 0.078 † †
0.92 0.095 0.099 0.145 0.544 †
0.94 0.252 0.256 0.293 0.485 †
0.96 0.572 0.574 0.591 0.658 0.502
0.98 1.134 1.133 1.128 1.107 0.980
1.00 1.994 1.993 1.978 1.922 1.719
1.02 3.170 3.170 3.164 3.142 3.009
1.04 4.630 4.632 4.648 4.709 4.586
1.06 6.310 6.314 6.351 6.527 †
1.08 8.139 8.144 8.192 8.545 †
1.10 10.057 10.061 10.112 10.508 †

One year to maturity
0.90 0.712 0.738 0.994 † †
0.92 1.085 1.101 1.245 1.021 †
0.94 1.585 1.591 1.633 1.538 †
0.96 2.229 2.225 2.184 1.950 0.513
0.98 3.028 3.017 2.922 2.570 1.490
1.00 3.988 3.975 3.859 3.463 2.433
1.02 5.106 5.095 4.997 4.637 3.538
1.04 6.376 6.371 6.323 6.069 4.615
1.06 7.785 7.789 7.817 7.696 †
1.08 9.317 9.331 9.452 9.329 †
1.10 10.954 10.977 11.202 10.526 †

†The futures pricez is confined to the open intervala to b.

Table 1 gives the values of three-month and one-year futures-style call options for different
bounds for the exchange rate dynamics. In each case the parameterσ has been selected
so the instantaneous standard deviation of percentage changes in the exchange rate at its
current level is 10% per year. That isσ(z−a)(1−z/b) = 0.1·z. The values of regular call
options are smaller by the factor e−r (T ′−t). The call option price is also plotted in Figure 2.
Note that the call reaches its minimum and maximum values of 0 and(b− k) when the
futures exchange rate hits the barriersa andb, respectively.

At-the-money call options are lower in value when the exchange rate is bounded (after
equating the variances). When the exchange rate is near either barrier, narrowing the range
first increases the option price as the variance parameterσ must be increased to keep the
instantaneous properties the same. Further increases lower the option’s value as its potential
profitability is cut off. The latter effect is less important in the three-month option as over a
short period a distant barrier has little effect on the option payoff. Note in particular, when
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Figure 2. Value of a futures-style call option as a function of the futures pricez for the risk-neutral stochastic
process dz= (z− a)(1− z/b)dω̂.

z= 110, moving the barrier from 125 to 111 (and increasingσ ) decreases the price of the
long term option but not the short term option.

As shown in Table 1, the futures-style call prices are increasing in maturity. The implied
comparative static,∂cfs/∂T ′ > 0, can be verified directly. This can most easily be explained
by examining futures-style put-call parity (3). Since futures-style put prices must be pos-
itive, cfs > ztT − k. Therefore, parity guarantees that there is no early exercise premium
for an American futures-style call and that European and American futures-style calls have
the same price. An American option price must be increasing in maturity since moving
the expiration date back only increases the holder’s rights so the same must be true for the
European futures-style option. The comparative static∂pfs/∂T ′ > 0 also holds as can be
confirmed by put-call parity. Similar reasoning applies. The futures-style call option prices
increase to limits of15

cfutures-style(z, t; k,∞) = z− a

b− a
(b− k)

pfutures-style(z, t; k,∞) = b− z

b− a
(k− a). (16)

For ordinary options a change in maturity has an indeterminate effect. Clearly short-
maturity options which are out-of-the-money will be increasing functions of maturity. On
the other hand, the value of a futures-style option has an upper bound as shown in (16),
and since the price of an ordinary option is equal to the discounted value of the price of a
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Figure 3. Value of standard and futures-style call options as functions of maturity for the risk-neutral stochastic
process dz= (z− a)(1− z/b)dω̂.

futures-style option, for sufficiently great maturities, the value of an ordinary option must
be decreasing in maturity, approaching zero in the limit.

The hedge ratios for these options are

1c = er (T ′−t)

[
b− k

b− a
8(h+)+ k− a

b− a
8(h−)

]
1p = e−r (T ′−t) −1c. (17)

As usual the call delta is positive, and the put delta is negative. In addition, these deltas
are always less than one in absolute value, so the options always have less absolute price
risk than does the futures price itself. In fact the deltas for the standard puts and calls are
smaller in absolute value than e−r (T ′−t). The deltas for the futures-style options are larger
in absolute value by a factor of er (T ′−t), though they are still less than one.

The option’s elasticities, or omegas, are plotted in Figure 4. Because they are proportional
to the ratios of the option’s deltas to their prices, the discount factors cancel making both
standard and futures-style omegas the same. Neither the call nor the put omega is monotonic;
instead each option has its lowest risk relative to that of the futures price at some interior
point of the possible exchange rates. However, it can be shown that the standard deviation
of the rate of return on a call (put) is monotonically decreasing (increasing) in the futures
price since the return risk on the futures price itself is smaller near both barriers.

Most of the other usual option comparative statics hold for this model
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Figure 4. Elasticity,Ä, of options as functions of futures price for risk-neutral stochastic process dz= (z−a)(1−
z/b)dω̂.

∂c

∂k
< 0

∂p

∂k
> 0

∂c

∂σ
> 0

∂p

∂σ
> 0

∂c

∂r
< 0

∂p

∂r
< 0.

(18)

An increase in the strike price decreases (increases) the value of a call (put). An increase in
volatility increases both option prices.16The one difference is that an increase in the domestic
interest rate decreases both option prices. Recall than an increase in the interest rate holding
the futures price fixed is a decrease in the spot exchange rate. The comparative statics for
the futures-style and ordinary options are the same except in one case. As is obvious from
the partial differential pricing equation, futures-style option prices are independent of the
domestic interest rate (for a given futures price).

The foreign interest rate does not affect the option prices (other than through the futures
price) so the foreign yield curve need not be flat or even nonstochastic for this model. The
effect of foreign interest rates on European option prices comes entirely through changes
in the futures foreign exchange price.

The call’s value is an increasing function of the level of the upper barrier. This is an
expected result as increasing the upper barrier (i) makes it more likely the option will
mature in-the-money and (ii) increases the potential profitability of the call in those cases.
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Less obviously, increasingb also increases the instantaneous variance of the exchange rate
at all levels ofz. Since increasing the lower bound,a, also makes the option’s maturing in-
the-money more likely, it is perhaps surprising that the call’s value is a decreasing function of
the lower barrier. The reason behind this counterintuitive result can be seen in the exchange
rate dynamics. Increasing the lower bound decreases the variance of the exchange rate at
any level and this more than offsets the increased probability of ending in the money. A
similar result holds for puts. The values of both options increase with an increase in the
range(a, b).

6. Pricing American Derivatives for the Bounded Process

Many listed foreign exchange options have American-style exercise. Even though there are
no dividends paid on foreign exchange futures (or on currencies), the right to exercise these
options before maturity generally has positive value. Merton’s (1973) proposition that call
options written on shares of stock with no dividend payments should never be exercised
prior to maturity does not apply in this case. The futures price basis does not have an
risk-neutral expected rate of return equal to the interest rate and, in this sense, it behaves as
if it paid a dividend. Furthermore, we saw previously that their prices may be decreasing
in maturity which indicates that an early exercise is optimal in some cases.17

To value an American option we must append the no-arbitrage-by-exercise conditions,
c(z, t; k) ≥ z− k or p(z, t; k) ≥ k− z, to the partial differential equations. As is the case
for ordinary options, no closed-form solution exists for finite-maturity American options
when early exercise is optimal; however, several approximations have been developed for
ordinary puts and calls which can be adapted to the bounded dynamics of this paper. For
example, any of the numerical methods for dealing directly with the partial differential
pricing equation can be employed. The simplest approach is probably to apply the standard
binomial model to the pricing equation (13) in the transformed variableζ .18

Other quicker methods can also be used. Here we adapt the approximation developed by
Barone-Adesi and Whaley (1987). This method is based on the perpetual option problem
which we tackle first.

For a perpetual American option on a futures price with the bounded dynamics studied
in this paper, the pricing equation is the ordinary differential equation

1

2
(z− a)2(1− z/b)2σ 2 f ′′ − r f = 0. (19)

This equation is identical to the standard pricing partial differential equation (12) without
the time derivative term. The boundary and optimal exercise conditions arec(zc) = zc− k
andc′(zc) = 1 for calls andp(zp) = k − zp and p′(zp) = −1 for puts. The call and
put options are exercised when the futures price reaches the exercise points,zc and zp

respectively. The high-contact or smooth-pasting conditions,c′(zc) = 1 andp′(zp) = −1,
ensure that the exercise points are optimal in each case.

The general solution to a homogeneous, linear, second-order differential equation is a
linear combination of two solutions. In this case

f (z) = C1(z− a)α(b− z)1−α + C2(z− a)1−α(b− z)α
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where α ≡ 1

2

(
1+

√
1+ 8r

σ 2(1− a/b)2

)
. (20)

Sinceα > 1, the second solution becomes unbounded asz approachesa. But the call price
should be small whenz≈ a; therefore, only the first solution is valid, andC2 = 0. Similarly
the first solution becomes unbounded asz approachesb so for a put option,C1 = 0. The
remaining constant and the optimal exercise point can be determined from the boundary
and optimal exercise conditions. For perpetual call and put options we have

c(z, t; k,∞) = (zc − k)

(
z− a

zc − a

)α ( b− z

b− zc

)1−α

where zc ≡ ab− [αb+ (1− α)a]k

αa+ (1− α)b− k
(21a)

p(z, t; k,∞) = (k− zp)

(
z− a

zp − a

)1−α ( b− z

b− zp

)α
where zp ≡ ab− [αa+ (1− α)b]k

αb+ (1− α)a− k
. (21b)

The priceszc andzp are the optimal exercise prices for the call and put respectively.
For the lognormal process, the optimal exercise points are proportional to the strike price,

so any perpetual option must be in-the-money by a certain percentage amount before it is
exercised. For the bounded process in this paper, calls and puts cannot be in-the-money by
more thanb− k or k−a, respectively. Nevertheless, for all parameter values, it is true that
a < zp < k < zc < b, so all options are exercised within the bounded region. When the
futures price is close to either of the boundaries, its return variance is small. This keeps the
value of an option alive small so the opportunity cost of exercise is low offsetting the small
gain realized.

As shown in the appendix, under the Barone-Adesi and Whaley method, the early
exercise premium for an American option is approximated asfAm(z, t) − fEu(z, t) ≈
[1− e−r (T ′−t)]π(z) whereπ satisfied an ordinary differential equation like (19) for perpet-
ual options. The American options are worth

cAm(z, t) ≈ cEu(z, t)+ [z̃c − k− cEu(z̃c, t)]
(z̃− a)α̃(b− z)1−α̃

(z̃c − a)α̃(b− z̃c)1−α̃

pAm(z, t) ≈ pEu(z, t)+ [k− z̃p − pEu(z̃p, t)]
(z̃− a)1−α̃(b− z)α̃

(z̃p − a)1−α̃(b− z̃p)α̃
(22)

where α̃ ≡ 1

2

(
1+

√
1+ 8r

σ 2(1− a/b)2
[1− e−r (T ′−t)]−1

)
and cEu and pEu are the values of the corresponding European options with the same
strike price. The estimated current optimal exercise points,z̃c andz̃p, must be determined
numerically by solving the high-contact equations

z̃c − k− cEu(z̃c, t) = [1− ∂cEu(z̃c, t)/∂z]
(z̃c − a)(b− z̃c)

(1− α̃)a+ α̃b− z̃c
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Table 2.Value of European and American foreign exchange
call option as a percent of the strike price as given by equa-
tions (14) and (22). Maturity isT ′ − t = 1. Interest rate
is r = 5%. Volatility parameter,σ , gives an annualized per-
centage standard deviation of 10% at the current futures price,
σ = z/[(z− a)(1− z/b)] · 10%. Barriers are proportion-
ally symmetric about the strike price; e.g., ifa = 0.8k, then
b = k/0.8= 1.25k.

One year to maturity

Range of Exchange Rate(a, b)
as a Fraction of the Strike Pricek

z/k 0,∞ 0.8, 1.25 0.9, 1.11
Eu Am Eu Am Eu Am

0.92 1.032 1.049 1.184 1.203 0.971 0.998
0.94 1.508 1.531 1.553 1.578 1.463 1.492
0.96 2.120 2.151 2.078 2.110 1.855 1.889
0.98 2.880 2.923 2.779 2.822 2.445 2.489
1.00 3.793 3.850 3.671 3.729 3.294 3.355
1.02 4.857 4.934 4.753 4.833 4.411 4.499
1.04 6.065 6.167 6.015 6.124 5.773 5.902
1.06 7.405 7.541 7.436 7.581 7.321 7.512
1.08 8.862 9.041 8.991 9.182 8.874 9.168

k− z̃p − pEu(z̃p, t) = [1− ∂pEu(z̃p, t)/∂z]
(z̃p − a)(b− z̃p)

aα̃ + (1− α̃)b− z̃p
. (23)

Table 2 gives the values of representative European and American calls on a bounded
foreign exchange process. The parameter values arer = 5% andτ = 1 year. The volatility
parameter is selected so that the local standard deviation is 10%.

Figure 5 plots the differences,Cfs − CEu andCAm − CEu. For low futures prices, both
differences are small since there is little likelihood that any of the options will expire in
the money. As the futures price increases, the value of the early exercise premium on
the American options also increases. A futures-style option is worth more than a standard
option; furthermore, there is no early exercise premium for an American futures-style option
soCfs− CEu must be larger thanCAm − CEu as shown.

7. Conclusion

This paper has presented a model for valuing foreign exchange derivatives when the ex-
change rate process is bounded. Both European and approximate American formulae have
been given.

A bound on the stochastic process of the basis asset can have a large effect on the price
of the derivative. Bounds, of course, limit the profit that can be realized, but they also
limit how far an option can fall out-of-the-money. In addition the presence of bounds can
significantly alter the optimal exercise policy for an American option.
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Figure 5. Excess value of futures-style and American call options as functions of futures price for risk-neutral
stochastic process dz= (z− a)(1− z/b)dω̂.

This model can also be applied to other situations in which the basis may have an upper
or lower bound. This, for example, may be a good model of cash flows or earnings in some
cases. Modelling agricultural commodities with price supports is another obvious example.

In addition, the stochastic process may provide a useful approximation in other problems.
For example, if we model the interest adjusted stock priceZ ≡ Se−r t as following a risk-
neutral process with an upper bound dZ = σ Z(1− Z/b)dω̂, then its logarithmic volatility
(and that of the stock) will be smaller at higher prices. This may be an effective alternative
to the constant elasticity of variance model.

Appendix

Derivation of the Reduced Pricing Equation and the Option Price

This appendix presents the details of the paper’s derivations. The reduced option pricing
equation (13) is derived first. From this, the option’s price (14) is determined. The risk-
neutral probability density for the bounded exchange rate process (11) is derived from the
second derivative of the option price with respect to the strike price. Finally, the American
approximation formulae (22) are determined.

Let ζ ≡ (z− a)/(1− z/b). Then

∂ζ

∂z
= 1

1− z/b
+ 1

b

z− a

(1− z/b)2
= 1− a/b

(1− z/b)2
. (A1)
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Now let f (z, t) ≡ (1− k/b)(1− z/b)g(ζ, t)/(1− a/b). The partial derivatives off are

∂ f

∂t
= (1− k/b)(1− z/b)

1− a/b

∂g

∂t
∂ f

∂z
= 1− k/b

1− a/b

[
−1

b
g+ (1− z/b)

∂g

∂ζ

∂ζ

∂z

]
= −1− k/b

b− a
g+ 1− k/b

1− z/b

∂g

∂ζ

∂2 f

∂z2
=
[
−1− k/b

b− a

∂g

∂ζ
+ 1− k/b

1− z/b

∂2g

∂ζ 2

]
1− a/b

(1− z/b)2
+ 1− k/b

(1− z/b)2
1

b

∂g

∂ζ

= (1− k/b)(1− a/b)

(1− z/b)3
∂2g

∂ζ 2
. (A2)

Substituting these partial derivatives into (12) and collecting terms gives

0= (1− k/b)(1− z/b)

1− a/b

[
1

2
σ 2(t; T)(1− a/b)2

(z− a)2

(1− z/b)2
gζ ζ − rg + gt

]
(A3)

which is the partial differential equation in (13) in the text. Iff is a call option, the condition
for g at maturity is

g(ζ, T ′) = 1− a/b

(1− k/b)(1− z/b)
f (z, T ′)

= Max

[
1− a/b

(1− k/b)(1− z/b)
(z− k), 0

]
= Max

[
(z− a)(1− k/b)− (1− z/b)(k− a)

(1− k/b)(1− z/b)
, 0

]
= Max

[
ζ − k− a

1− k/b
, 0

]
(A4)

which is the boundary condition in (13) in the text.
This will be recognized as Merton’s (1973) time-varying volatility version of the standard

Black-Scholes partial differential equation for a call option with a strike price of(k−a)/(1−
k/b) on a basis assetζ with a continuous dividend at the constant yield ofr . Therefore,

g(ζ, t) = C
(
ζe−r (T ′−t), T ′ − t; k− a

1− k/b
,
v2(t, T ′; T)

T ′ − t
, r

)
(A5)

where v2(t, T ′; T) ≡ (1− a/b)2
∫ T ′

t
σ 2(s; T) ds

andC(S, τ ; K , σ 2, r ) is the Black-Scholes option function for a call maturing inτ years
with a strike priceK on a stock with priceS and logarithmic variance ofσ 2 when the
interest rate isr .
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Expressing the original functionf (z, t) ≡ (1 − k/b)(1 − z/b)g(ζ, t)/(1 − a/b) by
substituting forζ ≡ (z− a)/(1− z/b) gives

f (z, t; k, T ′) = (1− k/b)(1− z/b)

1− a/b

×C
(

z− a

1− z/b
e−r (T ′−t), T ′ − t; k− a

1− k/b
,

v2

T ′ − t
, r

)
= 1

1− a/b
e−r (T ′−t)

×C
(
(z− a)(1− k/b), T ′ − t; (k− a)(1− z/b),

v2

T ′ − t
, 0

)
= 1

1− a/b
e−r (T ′−t)

×[(z− a)(1− k/b)8(h+)− (k− a)(1− z/b)8(h−)] (A6)

where

h± ≡ 1

v(t, T ′; T)
[
`n

(
z− a

k− a

1− k/b

1− z/b

)
± 1

2
v2(t, T ′; T)

]
8(·) is the standard cumulative normal distribution function, andv is defined as above.19

Derivation of the Probability Distribution for the Process dz = (z− a)(1− z/b) dω

The probability density function for the futures price can be derived from the call option
price as er (T

′−t)∂2c/∂k2 (see e.g., Ingersoll 1987). Recall that the derivatives of the Black-
Scholes option price with respect to the stock price and the strike price are∂C/∂S= 8(h+)
and∂C/∂K = e−r τ8(h−). Therefore, the probability density that the futures price at time
T ′ is equal tok can be obtained as

er (T ′−t) ∂c

∂k
= 1

1− a/b

[
8(h+)

z− a

−b
−8(h−)(1− z/b)

]
er (T ′−t) ∂

2c

∂k2
= − 1

b− a
[(z− a)φ(h+)+ (b− z)φ(h−)]

∂h±

∂k

= 1

v

1

(b− k)(k− a)
[(z− a)φ(h+)+ (b− z)φ(h−)] (A7)

whereφ(·) is the standard normal density function. This can be simplified to20

Prob{zT ′T ∈ (z, z+ dz) | ztT = z0}
= (b− a)(b− z0)

v(b− z)2(z− a)
φ

(
1

v(t, T ′; T)
[
`n

(
z0− a

z− a

1− z/b

1− z0/b

)
− 1

2
v2(t, T ′; T)

])
. (A8)
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After expanding the argument ofφ(·), the density can also be expressed as

Prob{zT ′T ∈ (z, z+ dz) | ztT = z0}

= 1

v
e−v

2/8

√
(z0− a)(1− z0/b)

(z− a)3(1− z/b)3
φ

(
1

v
`n

[
z0− a

z− a

1− z/b

1− z0/b

])
(A9)

which illustrates the symmetry inz− a and 1− z/b.

Derivation of the Approximate American Solution

For the Barone-Adesi and Whaley approximation the early exercise premium for an Amer-
ican option is expressed asf (z, t) ≡ fAm(z, t) − fEu(z, t) = ψ(t)π(z;ψ) whereψ(t) ≡
1− e−r (T ′−t). Since both the American and European option prices satisfy the same linear
partial differential equation, the premium, which is just a portfolio of these two, does as well.
The partial derivatives off expressed in terms ofπ andψ are fz = ψπz, fzz= ψπzz, and
ft = ψtπ +ψπψψt . Sinceψt = −r e−r (T ′−t) = r (ψ − 1), the partial differential equation
for π is

ψ

[
1

2
(z− a)2(1− z/b)2σ 2πzz− r

ψ
π + r (ψ − 1)πψ

]
= 0. (A10)

This equation is an exact description of the early exercise premium. The approximation
consists of assuming the final term can be ignored. This is reasonable since for short
maturitiesψ ≈ 1 and for long maturitiesπψ ≈ 0. This is also the reason for valuing the
premium fAm(z, t)− fEu(z, t) rather than the American option price directly since its time
sensitivity is smaller. The approximation,π̃(z;ψ) ≈ π(z, ψ) then only depends on the
current value ofψ , and hence time, parametrically. It satisfies the ordinary differential
equation used to value perpetual options (19) with an adjusted interest rate ofr/ψ

1

2
(z− a)2(1− z/b)2σ 2π̃ ′′ − r

ψ
π̃ ≈ 0. (A11)

As before the solution is the linear combination

π(z, ψ) ≈ π̃(z;ψ) = C1(z− a)α̃(b− z)1−α̃ + C2(z− a)1−α̃(b− z)α̃

where α̃ ≡ 1

2

(
1+

√
1+ 8r/ψ(t)

σ 2(1− a/b)2

)
. (A12)

Like α, the approximation exponent,α̃, is greater than one soC1 = 0 for puts andC2 = 0
for calls. The remaining constant is determined from the boundary condition. The call is
worthcEu(z, t)+ψ(t)C1(z− a)α̃(b− z)1−α̃. At the approximately optimal exercise point,
z̃c, it is exercised for̃zc − k so

C1 = z̃c − k− cEu(z̃c, t)

ψ(t)(z̃c − a)α̃(b− z̃c)α̃
. (A13)
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The constantC2 for the put is determined similarly. The American options are therefore
worth approximately

cAm(z, t) ≈ cEu(z, t)+ z̃c − k− cEu(z̃c, t)

(z̃c − a)α̃(b− z̃c)1−α̃
(z− a)α̃(b− z)1−α̃

pAm(z, t) ≈ pEu(z, t)+ k− z̃p − pEu(z̃p, t)

(z̃p − z)1−α̃(b− z̃p)α̃
(z− a)1−α̃(b− z)α̃. (A14)

The estimated (current) optimal exercise points,z̃c andz̃p, must be determined numerically.
This can be done by maximizingCAm with respect tõzc or, equivalently, solving the high-
contact equations

z̃c − k− cEu(z̃c, t) = [1− ∂cEu(z̃c, t)/∂z]
(z̃c − a)(b− z̃c)

(1− α̃)a+ α̃b− z̃c

k− z̃p − pEu(z̃p, t) = [1− ∂pEu(z̃p, t)/∂z]
(z̃p − a)(b− z̃p)

aα̃ + (1− α̃)b− z̃p
. (A15)

Notes

1. Later members, Portugal, Spain, and the United Kingdom, were only required to keep their currencies within
approximately 6% of par. Although the permitted ranges are precise, the 21

4% and 6% requirements are
approximate because changes in the values of the various currencies also change the value of the ECU.

2. An option’s time value is the excess over the amount by which it is in-the-money. For a call the time value is
the price less the greater of zero or the exchange rate minus the strike price. For a put the time value is the
price less the greater of zero or the strike price minus the exchange rate.

3. The futures foreign exchange rate depends on the stochastic processes driving the spot exchange rate and the
interest rates. If the domestic interest rate is constant or uncorrelated with changes in the foreign interest rate
and spot exchange rate, then futures exchange rates are the same as forward exchange rates for all maturities,
ztT = xt B∗(t; T)/B(t; T). See Cox, Ingersoll, and Ross (1981) for details.

4. Recently several exchanges have introduced cross-rate futures which are denominated in a third currency.
For example, Deutschmark-Franc and Deutschmark-Yen futures are traded in dollars on the FINEX. These
cross-rate futures prices can be converted into any of the currencies simply by using the relevant exchange
rate.

5. See Lieu (1990) for a more detailed development of futures-style options. Futures-style options on foreign
exchange, interest rates, and stock indices are traded on the London International Financial Futures Exchange.
The Chicago Board of Trade and the Chicago Mercantile Exchange are awaiting CFTC approval to trade
futures-style options.

6. Also as for any futures contract, the futures-style option price is not the value of the contract but thatsettlement
price for which the contract currently has a value of zero.

7. Futures-style put-call parity can be derived as

pfs(xt , t; k, T) = Ê[Max(k− xT , 0)] = Ê[Max(xT − k, 0)− xT + k]

= cfs(xt , t; k, T)− Ê[xT ] + k = cfs(xt , t; k, T)− ztT + k.

8. Put-call parity as given in (2) remains valid. It can also be expressed in terms of the futures price as

p(ztT , t; k, T ′) = c(ztT , t; k, T ′)− B(t; T ′)(ztT − k)

provided the domestic interest rate is nonstochastic.
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9. See Ingersoll (1987, chap. 17) for a discussion of the arbitrage opportunities that can arise with bounded
processes.

10. Behavior at an inaccessible barrier need not be described as it cannot be reached. There are a number of
other accessible barrier types, such as elastic or sticky. Most of these alternatives cannot be explained in an
elementary fashion, and, in any case, seem inappropriate as models of exchange rates. See Karlin and Taylor
(1981) for a discussion of the barrier classification.

11. Neither condition alone is sufficient. For example for the square root process, dz= cdt + ν√zdω,ϒ(z)→ 0
asz approaches 0, but zero is accessible only ifν2 > 2c.

12. SinceÊt [dz] = 0, z is a local martingale under the risk-neutral process. Sincez is bounded whether or not
the barriers are accessible, it is a martingale as well. The risk-neutral process is an equivalent martingale to
the original processes only if both have the same type of barriers. A sufficient condition for both processes to
have inaccessible barriers is given in proposition 2.

13. For the random walk diffusion dw = −µdt + σdω with µ > 0, the probability thatw will never rise to
w′ starting fromw0 is exp[−2(w′ − w0)µ/σ

2]. Therefore, the risk-neutral probability thatξ will never rise
from ξ0 to ξ ′ (with ξ0 < ξ ′ < 0) is greater than exp[−2(ξ ′ − ξ0)| tanh(ξ ′)|/v2]. Obviously the risk-neutral
probability thatξ will rise to positive values orz will rise above the midpoint(a+ b)/2 is even less.

14. See Cox, Ingersoll, and Ross (1981) for a complete discussion.

15. For distant times, the risk-neutral probability distribution becomes more and more concentrated near the
two barriersa and b. Therefore, in the limit as the maturity grows, the futures-style option prices can
be determined exactly with the binomial model. The returns per dollar realized in the “up” and “down”
states areb/z anda/z so the risk-neutral probability of the “up” step which gives a zero expected change is
(1− a/z)/(b/z− a/z) = (z− a)/(b− a).

16. The comparative static with respect to volatility,∂c/∂σ , measures the change with respect to a uniform increase
in the functionσ(t; T).

17. The prices of the futures-style options are increasing in maturity. For these options the American right of early
exercise is zero. It pays to exercise a futures-style call early only ifcfs(ztT , t) ≤ ztT −k. However, the futures
price and the futures-style options price are each the risk-neutral expectation of the payoff. Provided the event
zT ′T < k is possible,̂E[Max(zT ′T − k, 0)] > Ê[zT ′T ] − k, and the inequality above cannot hold.

18. As proved by Merton (1973), optimal early exercise is characterized by the high-contact conditions,∂ f/∂z=
±1, for calls and puts, respectively. Using the expressions for∂ f/∂z in equation (A2) in the Appendix, we
can show that∂ f/∂z = ±1 and f (z, t) = ±(z− k) together imply that∂g/∂ζ = ±1 so the problem in the
transformed variableζ has the same optimal exercise point.

19. The second equality follows from the homogeneity of the Black-Scholes function,λC(S, τ ; X) = C(λS, τ ; λX).

20. This last relation uses the property

Zφ(h+) = φ(h−) whereh± = `nZ ± 1
2v

2

v
.
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