
A Theory of Irrelevant Advertising:

An Agency-Induced Targeting Inefficiency

Jiwoong Shin Woochoel Shin∗

December 15, 2020

Abstract

The ad targeting technology has enabled a highly personalized delivery of online ads. Behind

this development is the belief that better targeting will lead to more relevant ads. This paper

challenges this lay belief by showing that irrelevant advertising is an inescapable reality arising

not necessarily from the technological imperfection but also from the incentive problem embed-

ded in the advertising industry’s institutional arrangement. We show that an ad agency serving

multiple advertisers may strategically allocate an ad impression to a lesser-matched, sometimes

totally irrelevant, niche advertiser because its future impressions will be likely to match better

with the mainstream advertiser. Without a contractual obligation, the agency may still distort

the impression allocation. In this case, however, there is no case of an impression being deliv-

ered to a completely irrelevant advertiser. Instead, there exists a case where the agency chooses

not to deliver the impression to any of the potentially relevant advertisers to save them for a

conceivably better-matched future impression. Finally, we endogenize the advertiser’s decision

of whether or not to hire an ad agency. We identify the conditions under which the advertiser

is better off hiring an ad agency against bidding by itself despite these inefficiencies.
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1 Introduction

Digital advertising promises to leave behind the spray-and-pray tactics of the past and deliver ads

closely aligned with true consumer interests. Advancements in targeting technology are helping

firms place ads on various websites or mobiles platforms based on customer demographics (e.g.,

age, gender, location), browsing habits (e.g., search terms, sites visited, past purchases), and social

activity on platforms like Facebook or Twitter (e.g., postings, clicked ads, “likes,” “retweets,”

“shares”). With increasingly individualized data, firms can target customers more efficiently, which

suggests consumers must be exposed to ads that are more relevant to their actual needs and wants

(Lambrecht and Tucker, 2013; Rafieian and Yoganarasimhan, 2020; Shin and Yu, 2020). This

relevance is the core promise, the bright future, of the digital advertising industry.

The reality is not playing out so well.1 Targeting is far from perfect; the problem of irrelevant,

if not downright annoying, advertising is still widespread — even growing.2 Ogury’s “The Reality

Report 2019” surveyed 287,000 mobile users and found that 90% of users consider targeted mobile

ads annoying. This figure was up from 79% of 2018.3 This is all puzzling, given that the access to

consumer data and the quality of targeting technologies have only improved over time.

Consider the experience of one of the authors, who recently searched online for Subaru. He

perused a few screens on the Subaru website and quickly found the car unsuitable. Nonetheless,

a Subaru advertisement began to follow him everywhere—in his social media feeds, preceding

YouTube videos, alongside CNN news stories. Even after spending significantly more time searching

for electric cars, such as a Toyota Prius or Tesla, the Subaru ads trailed him.

On the one hand, this is a typical “behavioral retargeting” (or simply retargeting) tactic. The

past browsing history suggests some demonstrated interest in the Subaru brand. On the other hand,

if advertisers can discern the author’s interest in Subaru, can they not discern his greater interest in

1In Akami’s 2018 Consumer Attitudes Toward Data Privacy and Security Survey, only 18% of con-
sumers said ads “often” seemed to understand their needs. 47% report that ads seem to under-
stand their needs at least “sometimes,” 26% said online ads “hardly ever” understand them, and
9% said they “never” understand them (https://www.akamai.com/us/en/multimedia/documents/report/
akamai-research-consumer-attitudes-toward-data-privacy.pdf).

2In a recent survey by MediaPost.com, almost 82% of consumers report that they
often receive irrelevant ads (https://www.mediapost.com/publications/article/326515/
data-still-makes-ads-irrelevant-consumers-say.html).

3https://ogury.com/blog/90-of-users-find-targeted-ads-annoying-research-points-to-one-solution/;
https://ogury.com/news/consumers-dislike-targeted-ads-resent-privacy-intrusion/
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Prius or Tesla? He had spent far more time searching Toyota’s websites. Clearly, technology alone

cannot explain this inefficiency. So, what else contributes? Here, we focus on an agency problem

rooted in the online advertising ecosystem.

In the early days of online advertising, display ads were sold through a direct contract between

the publisher and the advertiser (or agency). Advertising slots that remained unsold were taken to

the ad exchange and auctioned off in real time as consumer impressions arrived. As technology has

advanced, more publishers have chosen to sell their ad space through real-time bidding (RTB). In

2014, Digiday reported that around 70 billion ad impressions were available daily via ad exchanges.4

The programmatic industry has grown at a phenomenal rate since then, with spending set to reach

over $80 billion worldwide.5 Almost all of these online ads compete for one of a given number of

slots available in various online venues, such as the homepage of newspaper sites or social networks

feeds. The process, which usually occurs less than 100 milliseconds before the ad is placed, has

fundamentally changed the landscape of the digital media market. Most advertisers, given the

complexity of the process, contract with an agency to run their online advertising campaigns.6 As

a result, with increasing frequency, the same agency bids in the same auction on behalf of multiple

advertisers. This may potentially create unintended consequences for consumers.

A typical transaction begins with a user visiting a website. Embedded in the visit are data

like user demographics, browsing history, location, and the page being loaded. This information

goes from the publisher to an ad exchange, which presents it with accompanying metadata, to

multiple advertisers who automatically submit real-time bids to place their ads. The criteria for

bidding on particular types of consumers can be very complex, considering everything from detailed

behavioral profiles to conversion prospects. Given their expertise and huge stores of consumer data,

advertising agencies are especially well equipped to figure out the relevance and potential value of

each impression for their clients. This capability is used to determine the bid for the respective

4https://digiday.com/media/ad-exchange-quality-connundrum/
5https://www.statista.com/statistics/275806/programmatic-spending-worldwide/
6However, the contract itself does not specify the details of each advertising campaign. Still, before each campaign

is run, the so-called insertion orders are negotiated and signed by both parties. Typically, an insertion order specifies
deliverables, the price for the deliverables, and the period of the campaign. Here the deliverables are represented
by measurable metrics such as impressions, clicks, or other pre-specified actions. For example, the insertion order
can stipulate that the campaign delivers 5 million impressions from January to June of the following year at the
price of $50,000 (thus at $10 per thousand impressions). In this case, the agency has to deliver the specified number
of impressions to get paid the promised amount. However, for the possibility that the agency may over-deliver
impressions, the insertion order can also stipulate the maximum budget to be used in the campaign.
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advertising slot on behalf of each client. At the same time, companies that hire ad agencies expect

better marketing campaign outcomes through improved efficiency. In theory, modern technologies

in the advertising industry should eliminate all irrelevant advertising. We challenge this lay belief,

demonstrating that irrelevant advertising is an inescapable reality arising not from technological

imperfections, but from an incentive problem inherent in the advertising industry’s institutional

arrangement. Advertising agencies, after all, serve multiple advertisers, and they strategically

allocate impressions to maximize profits. Even with perfect targeting technology, this creates

irrelevant advertising.

We propose a game-theoretic analysis of one strategic advertising agency that serves two com-

peting advertisers with two potentially relevant impressions that sequentially arrive at a platform.

We are interested in an asymmetric competition, where one advertiser is more mainstream than the

other. Both advertisers have a budget to show their ads to consumers, and any single advertiser

cannot fully cover all the impressions available in the market. One critical feature is that the agency

serves both advertisers, sequentially allocating one impression to each advertiser. It thus faces a

trade-off. On the one hand, it can allocate an impression now to the mainstream advertiser who,

generally, has a higher match probability. Or it can save this advertiser for a future impression,

which may have an even higher match probability. This tradeoff arises from the fact that the ad

agency needs to serve both advertisers who has a budget constraint; that is, each impression’s

assigned advertiser exits the marketplace, and thus forgoes the expected surplus from winning a

future impression - one that may be a better match and lead to higher sales probability. This

forgone future surplus is an opportunity cost from allocating an impression myopically; a rational,

forward-looking agency may modify its allocation of impressions accordingly.

We find that the ad agency is more likely to allocate an impression to the niche advertiser, whose

match probability with an impression is generally low, when the asymmetry between two advertisers

becomes either extremely large or small. It is intuitive that, as the asymmetry becomes small

(or two advertisers become similar), the need to consider the future opportunity decreases. The

agency simply allocates the impression to whichever advertiser has a higher match probability, thus

allocating more to the niche advertiser as it becomes comparable to the mainstream advertiser. The

other case, allocating an impression to an extremely niche advertiser, is not intuitive. In essence,
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to save a future and potentially more-relevant impression for the mainstream advertiser, the ad

agency ‘dumps’ the current impression to a less relevant (or even completely irrelevant) advertiser.

The agency’s strategic consideration in a dynamic setting creates this inefficiency, manifested most

obviously in irrelevant advertising for consumers even in the presence of perfect targeting accuracy.

The allocation inefficiency arises from the fact that the agency is contracted to a minimum

number of impressions with each advertiser, while any single advertiser, due to budget constraints,

cannot cover all the impressions in the market. Without being contractually bound, a strategic

agency may allocate no impression to any advertiser. Giving up an impression in the current period

enables the agency to keep both advertisers in search of better matches with future impression.

Thus, in our extension, we endogenize the agency’s choice of whether or not to serve both adver-

tisers. By allowing the option of not serving an advertiser, we can identify the true source of the

allocation inefficiency: whether it comes from the necessity of serving both advertisers, or from

the advertisers’ budget constraints. We find that irrelevant advertising could be eliminated if there

were no contractual necessity to serve both advertisers. This, however, presents another inefficiency

by which neither ad is delivered to an impression that has a strictly positive match probability with

advertisers. As long as advertisers are budget-constrained, this no-ad inefficiency exists regardless

of the contractual obligation to serve both advertisers. Under this inefficiency, all three parties,

consumers, advertisers, and the ad agency bear costs. Consumers and advertisers lose the chance

for a potential transaction; and the agency loses potential profit. We therefore identify two distinct

and interesting trade-offs in advertising depending on the contractual arrangement. The need to

serve both advertisers leads to the inefficiency of irrelevant ads; having no contractual obligation,

however, may lead to the inefficiency of no ads.

Finally, we consider the advertiser’s endogenous decision of whether or not to hire an ad agency.

In this analysis, we identify conditions under which the advertiser is better off delegating its ad-

vertising bidding decision to the ad agency (agency bidding) against the case when the advertiser

is better off bidding by itself (direct bidding). The value of an agency is its targeting accuracy;

agencies are better informed about consumers than are advertisers. However, the advertiser pays

a commission to the agency for its service. We compare the cost and benefit of using an ad agency

and show that when the competing agency is similar (or the asymmetry small) and the commission
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rate is not too high, both advertisers adopt agency bidding. This is because when the competing

advertiser alone uses the agency, the focal advertiser loses potentially profitable impressions to its

competitor. Adopting agency bidding can mitigate this loss. As advertisers become more sym-

metric, the loss grows larger, and agency bidding becomes more profitable, contingent, of course,

on the commission rate. We also find that when either the advertisers’ targeting accuracy or the

agency commission is sufficiently high, advertisers may together adopt direct bidding. However,

unless both are very high, they earn less joint profits than by adopting agency bidding together.

This may explain why firms increasingly hire ad agencies in the online advertising market, despite

potential agency-induced inefficiencies.

The paper is organized as follows. The next section discusses the related literature. Section

3 develops the formal model, and Section 4 analyzes it. Section 5 extends the main model by

endogenizing the agency’s choice of whether or not to serve both advertisers; Section 6 examines

the endogenous decision of whether or not to adopt an ad agency by comparing the cost and benefit

of agency bidding. Section 7 concludes.

2 Literature Review

This paper examines the inefficiency associated with ad agency’s allocation of individual impressions

to multiple advertisers. As such, our work aims to contribute to three streams of research: online

advertising, ad targeting, and common agency problem.

First, our research is related to the online advertising literature investigating both technical

developments in the market and their implications to advertisers and ad platform strategies. In

the context of search advertising, Katona and Sarvary (2010) and Jerath et al. (2011) study the

search ad auction with a focus on the listing order of advertisers. As the search advertising market

matures, several important developments in the auction mechanism have been examined, such as the

first-page bid estimates (Amaldoss et al., 2015), keyword matching options (Amaldoss et al., 2016),

and exclusive ad placement (Sayedi et al., 2018). Shifting attention to the advertisers’ problem,

Desai et al. (2014) examine the branded keyword choice problem and show that advertising under

a superior competitor’s brand name may backfire. Shin (2015) studies the advertisers’ bidding
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strategies under budget constraint and find that in equilibrium, advertisers maximize their bids

to run out the competitor’s budget. Also, Sayedi et al. (2014) has examined advertisers’ budget

allocation between search advertising and traditional advertising, given the poaching possibility in

search advertising. Similarly, Zia and Rao (2019) study the advertiser’s budget allocation problem

but across multiple search engines. Several empirical studies have examined the effectiveness of

search advertising in various contexts (e.g., Yang and Ghose, 2010; Rutz and Bucklin, 2011; Yao

and Mela, 2011; Joo et al., 2014)

Early studies of display advertising has focused on empirically examining the ad effectiveness

(Manchanda et al., 2006; Braun and Moe, 2013; Hoban and Bucklin, 2015; Bleier and Eisenbeiss,

2015; Johnson et al., 2017). Recently, several researchers investigate the new developments in

display advertising, which has embraced real-time bidding auction mechanism, where an individual

impression is traded in less than 100 milliseconds. Balseiro et al. (2014) derive the publishers’

optimal ad allocation policy between real-time sales and reservation contracts. Balseiro et al. (2015)

examine the dynamic interaction of advertisers in repeated auctions through budget constraint

and its implications to the auction design. Sayedi (2018) is the first paper that provides the

full equilibrium analysis for both advertisers and the publisher under real-time bidding auction.

It studies the implications of real-time bidding (as opposed to traditional reservation contracts)

for the advertiser and publisher profits. So far, the extant literature has mostly focused on two

main players, advertisers and publishers (or the ad platform). However, other important players

in this market can sway the ad auction outcome and, thus, the actual advertisements delivered to

consumers. Our paper fills this gap by bringing the advertising agency into the scene and examining

its role in ad delivery. More importantly, by doing so, we identify a new type of inefficiency in online

advertising induced by the agency problem. Note that this inefficiency arises from the peculiar

structure of the new market developments (i.e., real-time auction of an individual impression).

Thus, our work expands our understanding of the online advertising market.

Second, this paper is closely related to the literature on targeted advertising. As firms became

more capable of collecting and processing individual consumer data, the literature has focused on

the implications of improved advertising targeting (Chen et al., 2001; Iyer et al., 2005; Shen and

Villas-Boas, 2017). A stream of research shows the importance and effectivenss of using data such
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as personal demographic information (Joshi et al., 2011; Hauser et al., 2009), past browsing or

purchase data (Agarwal et al., 2009; Chen et al., 2009; Rossi et al., 1996). More recently, as the

amount and granularity of consumer data collection increase, the effectiveness of such fine-tuned

micro-targeting has been empirically examined in the context of behavioral targeting (Goldfarb and

Tucker, 2011b) and retargeting (Lambrecht and Tucker, 2013). Several papers also find that tailor-

ing the message based on the target segment characteristics or specific content of an online website

improves the performance of communications and consumer response (Goldfarb and Tucker, 2011a,

Zhang and Katona, 2012). Shin and Yu (2020) provide a micro-foundation for the effectiveness of

such targeted advertising. They show that consumers’ rational inference of category fit and product

quality from the targeted ad and the resulting consumer search could moderate the effectiveness

of targeted ads in the competitive environment. While the existing literature has focused on the

effectiveness of advertising targeting and the implications of such improved targeting accuracy (e.g.,

Bleier and Eisenbeiss 2015), one remaining puzzle is that consumers keep receiving targeted ads

that are irrelevant to them. This paper provides one explanation for irrelevant targeted ads and

characterizes the inefficiency associated with it. Note that conventional wisdom suggests that ir-

relevant advertising should subside as the targeting accuracy increases. Our work, on the contrary,

shows that irrelevant advertising will prevail even with the perfect targeting accuracy, suggesting

that our finding of agency-induced inefficiency is not caused by imperfect targeting technology but

is inherently present in the ad-serving mechanism itself.

Finally, the ad allocation inefficiency we point out in this paper essentially arises due to the

agency problem.7 In online advertising, the agency problem has been studied mostly in the context

of ad pricing schemes, as a direct application of the traditional agency theory (Holmstrom, 1979).

Asdemir et al. (2012) compare traditional ad pricing scheme (CPM) with a prevalent online ad

pricing scheme (CPC) while Hu et al. (2016) examine performance-based pricing schemes such as

CPC and CPA. On the other hand, Wilbur and Zhu (2009), under the CPC scheme, study the

publisher’s moral hazard in detecting and preventing click fraud. Our work is different from these

papers in its focus. Departing from the publisher-advertiser relationship, we focus on the conflict

of interests between advertisers and the ad agency. Unlike the typical moral hazard problem, which

7Gordon et al., 2020 provides a comprehensive review of inefficiencies in digital advertising, especially organiza-
tional inefficiencies arising from the conflicts of interests between advertisers and their self-interested agencies.
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focuses on the bilateral agency relationship, we examine the incentive problem of the ad agency

from contracting with multiple advertisers.

The structure of our problem resembles that of a common agency problem, which arises when

multiple principals share the same agent (Bernheim and Whinston, 1986). Unlike the traditional

agency theory literature where the main focus has been the optimal contract design, the common

agency literature concerns whether self-interested principals can achieve efficiency by inducing the

agent’s action to maximize their joint profits. Bernheim and Whinston (1986) show that the

aggregate incentive scheme of principals induces the agent’s equilibrium action that incurs the

efficient level of cost. Dixit et al. (1997) find that in an equilibrium where all the principals

follow truthful strategies, the agent’s action can achieve a Pareto-efficient outcome. Bernheim and

Whinston (1985) explain the existence of common marketing agency by implicit collusion among

principals. Our work differs from these existing studies. Our interest does not lie in deriving the

optimal contract itself but in revealing the deficiency of serving multiple principals. We show that

even under the optimal contract and the advanced targeting technology, the impression allocation

will remain inefficient as long as the ad agency commits to serving multiple advertisers. Also, Villas-

Boas (1994) studies the benefits and costs of hiring the same advertising agency as competitors by

focusing on information transfer across competing firms.8 While the setting is similar, our focus is

different. We study the ad agency’s strategic distortion of impression allocation over time in the

context of real-time bidding.

3 Model

We consider an online advertising market where consumers are distributed over a unit line following

a uniform distribution U[0, 1]. There are two advertisers j ∈ {m,n} who are located at the two

ends of the line. We denote the advertiser located at point 0 as advertiser n and the advertiser at

point 1 as advertiser m. The advertisers compete with each other.

If a consumer finds an advertised product fits her specific needs, she receives a utility 1. Here,

we model that the match probability of product j with a consumer located at x is a function of

8Common agency problem can also be an important consideration in advertising agency selection process (see
for example, Horsky, 2006; Horsky et al., 2016; Silk and Berndt, 1993). However, our model assumes a monopolistic
agency and abstract away from this issue.
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the distance from her location to the product location on the line. A consumer located at x ∈ [0, 1]

gets utility uj(x) from buying product j ∈ {m,n}, where

uj(x) =

 1, with probability max{αj − |x− xj |, 0}

0, otherwise,
(1)

and αj is the match probability at Product j’s location.

Here, the consumer’s expected utility, E[uj(x)] = αj − |x − xj |, takes the same form as in the

standard Hotelling model. However, unlike the standard Hoteling model, the consumer receives

uj(x) = 1 if the product j is a match with her interest in our model. Otherwise, the product is

not a match, and the consumer receives uj(x) = 0. As the product locates further away from the

consumer, her interest is less likely to match with an advertised product.

We consider the following asymmetry between the two advertised products: product m is a

mainstream product with a higher match probability than product n, a niche product, all else being

equal. To capture this asymmetry, we assume that αm = 1 and αn = α, where 0 ≤ α ≤ 1, without

loss of generality. Thus, 1−α represents the degree of asymmetry between the two advertisers. As

α increases, the asymmetry between two advertisers decreases. Given this asymmetric setting, we

can define the match probability of product j with the consumer located at x as

ρn(x) = max
{

0, α− x
}

(2)

ρm(x) = x (3)

One consumer impression arrives at the real-time bidding (RTB) platform in every period

t = 1, . . . , N . A consumer impression x follows a uniform distribution on U[0, 1]. In this market, a

monopolistic advertising agency allocates each impression to one of two advertisers with the perfect

knowledge of the consumer’s location.9 Advertisers receive the same profit margin γ from sales.

Thus, their expected valuation for an impression is given as E[πj ] = γ ·ρj(x). Since γ is not central

to our analysis, we normalize it to γ = 1.

Both advertisers have a budget to show their ads to consumers up to bj (≤ N) impressions.

9By assuming a monopolistic advertising agency, we abstract away from the bidding game but focus on the ad
allocation problem of the ad agency. Later in an extension, we formally analyze the bidding game.
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This captures the reality that any single advertiser cannot fully cover all the impressions available

in the market. Furthermore, we assume that the agency extracts all the surplus of both advertisers

to focus on the agency’s ad allocation problem rather than the typical contract problem between

advertisers and the agency. So, the objective of the agency is to maximize the total expected profit

of two advertisers. We denote At(x) ∈ {m,n} as the allocation of consumer’s impression in period

t (t = 1, . . . , N). The agency maximizes the following expected profit function by choosing At(x).

max
At(x)

E[Π] =

N∑
t=1

∑
j∈{m,n}

(
I[At(x)=j] · E[πj ]

)
=

N∑
t=1

[
I[At(x)=m] · ρm(x) + I[At(x)=n] · ρn(x)

]
. (4)

Without loss of generality, we consider a two-period model where each impression arrives se-

quentially over time, and the agency assigns one impression to both advertisers who can cover only

one impression by setting N = 2, bj = 1. Again, this reflects the reality that impressions arise over

time, and any single advertiser cannot cover all the impressions in the market.

It is important to note that we assume that the agency serves both advertisers in the main

model. This is to capture the practice where the agency is obligated to deliver a certain number of

impressions as specified in the insertion order. However, we later relax this assumption by granting

the agency an option of not allocating an impression to any advertiser, and examine its implications.

4 Analysis

4.1 Benchmark: first-best (static) advertising allocation

We start our analysis by studying a benchmark case where (1) both advertisers have no budget

constraint such that any advertiser can cover all the impressions in the market, and (2) the ad

agency also has no obligation to serve both advertisers. The agency chooses its allocation rule for

a consumer’s impression in each period to maximize its expected profit function (Equation 4).

Recall that we consider a situation where one consumer impression arrives at the real-time bid-

ding (RTB) platform. Without any information about a consumer’s characteristics or her interest,

the agency assigns each impression based on the expected match probability, which is always higher

for advertiser m’s product than advertiser n’s product:
∫ 1

0 ρm(x)dx = 1
2 ≥

∫ 1
0 ρn(x)dx = α2

2 . Thus,

10



in this case, the agency always assigns an impression to advertiser m in every period.

When the platform and advertising agency can use the customer’s individual-level data, the

information about each impression, and its characteristics clearly affects the agency’s optimal ad

allocation rule. The platform now has information about the customer’s characteristics and his

interest using an unprecedented amount of consumer-level data (Davenport et al., 2001; Braun

and Moe, 2013). In reality, the information about each individual consumer or impression is

far from perfect, and thus, this imperfectness contributes to the inefficiency in online advertising

targeting.10 However, our focus is on the inefficiency arising from the misaligned incentive of the

agency with multiple principals in the advertising ecosystem. Thus, to abstract away from the issue

of targeting accuracy, throughout the paper, we assume that ad agency has the perfect knowledge

of the consumer’s location.

The advertising allocation rule At(x) ∈ {m,n} can be simple and efficient. The agency allocates

an impression to whoever has the highest match probability. Thus, the optimal allocation rule under

the benchmark is as following: For all t ∈ {1, 2},

A0
t (x) =

 m if xt ≥ x0 ≡ α
2

n otherwise
, (5)

Here, x0 ≡ α
2 is the marginal consumer whose match probability with the two advertisers, the

mainstream advertiser (advertiser m) and the niche advertiser (advertiser n), is the same. By

definition, for all consumers x ≤ x0, we have ρn(x) ≤ ρm(x). Moreover, this marginal consumer

is located to the left of the center of the market (i.e., 1
2), since advertiser m has a higher overall

match probability than advertiser n. As α increases (or the asymmetry between two advertisers

decreases), the marginal consumer x0 converges to 1
2 .

In this case, the expected profit for the agency is

E[Π0] = 2 ·
{∫ x0

0
ρn(x)dx+

∫ 1

x0

ρm(x)dx
}

= 1 + α2

2 (6)

10The accuracy of information depends on the type and amount of customer data (Shin and Yu, 2020). For
example, even gender is usually only 75% accurate, and the precision of data in most platforms can be anywhere
between 10% and 20% (Forbes,“How Accurate is Marketing Data?” 2017 July 5).
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4.2 Dynamic advertising allocation

Here, we analyze our main model, where the advertising agency sequentially allocates every impres-

sion to the two advertisers with the perfect information about the customer. In light of the ubiquity

of online advertising bidding system (especially based on customer information or impression char-

acteristics), the ensuing results examine how the strategic consideration of ad agency in a dynamic

setting can lead to unintended consequences of advertising inefficiency, especially manifested by

the occurrence of sending irrelevant advertising to consumers despite the perfect information about

them.

We now consider a dynamic setting where impressions xt, where t = {1, 2}, arrive at the

platform sequentially over the two periods, and the ad agency must allocate each impression to

each advertiser once. It represents the situations where there are more impressions in the market so

that any single advertiser cannot possibly cover all the impressions (i.e., bj = 1 < N = 2), and the

advertising agency who serves multiple advertisers has a contractual obligation to provide service

for all of them.

The advertising agency allocates an impression depending on the match probability with each

advertiser. It is different from the benchmark case where the agency assigns each impression

to the advertiser with a higher match probability. The agency now considers the fact that she

has to assign impressions to both advertisers over the two periods. The ad agency is strategic

and forward-looking. She may modify the allocation rule of the first period taking into account

this future consideration. There is an opportunity cost of simply allocating an impression to an

advertiser with a higher match probability in the first period. The already served advertiser exits

the marketplace and will no longer be available in the future. However, the future impression may

have an even higher match probability with that advertiser.

Therefore, when an impression arrives in the first period, the agency consider the total expected

profit from allocating an impression to each advertiser (i.e., A1 = m or A1 = n).

EΠ(A1 = m) = ρm(x1) +

∫ 1

0
ρn(x)dx (7)

EΠ(A1 = n) = ρn(x1) +

∫ 1

0
ρm(x)dx (8)
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Comparing those two expected profits, we get

EΠ(A1 = m) ≥ EΠ(A1 = n) ⇔ ρm(x1) ≥ ρn(x1) + C, (9)

where C ≡
∫ 1

0
{ρm(x)− ρn(x)}dx =

1− α2

2
≥ 0. (10)

Here, the constant C > 0 is the measure of efficient dynamic adjustment due to strategic

consideration for future opportunities. As the asymmetry between two advertisers decreases (i.e.,

as α increases), the need for future consideration, which is manifested as C, lessens: ∂C
∂α < 0. It will

play a critical role in our analysis and understanding of the inefficiency of targeted advertising.

Using this dynamic adjustment constant (C), the following proposition formally states the op-

timal advertising allocation rule for the agency.

Proposition 1 (Dynamic advertising allocation) When the agency must allocate one impres-

sion to each advertiser, the agency adopts the following advertising allocation rule in equilibrium:

• In the first period, the agency allocates the impression x1 to advertiser m if x1 ≥ x; Otherwise,

she allocates it to advertiser n, where

x =

 x′ ≡ 1
2 −

(1−α)2

4 , if α ≥ α ≡
√

2− 1,

x′′ ≡ 1−α2

2 , otherwise (i.e., α < α
)
,

(11)

and the cutoff x is always less than 1
2 .

• In the second period, the agency allocates the impression x2 to advertiser n if x1 ≥ x but to

advertiser m otherwise.

Proof. See the Appendix.

Similar to the benchmark, there is a cutoff criterion for the marginal impression, x. Clearly,

this cutoff under the dynamic allocation is always greater than that of the static case: x0 ≤ x for

all α ∈ [0, 1], because of the agency’s strategic consideration for future opportunity C ≥ 0. Under

the dynamic allocation, the agency rationally anticipates that the second-period impression could

be a better match with advertiser m (than advertiser n), and is willing to save the opportunity to

13



(a) When α ≥ α (b) When α < α

Figure 1: Dynamic Allocation Rule

serve advertiser m for the future. Hence, the agency assigns x1 to advertiser n even if x1 > x0 as

long as x1 ≤ x. Figure 1 demonstrates this allocation distortion – how the dynamic adjustment C

shifts the cutoff x from x0 to x, which is always located to the right of x0.

This cutoff x takes two different values x′, x′′ depending on the level of α. This is because

ρn(x) = max
{

0, α − x
}

is a piece-wise function of x, with one piece exhibiting strictly positive

match probability of advertiser n (i.e., ρn(x) = α − x when α − x ≥ 0), and the other piece

representing zero probability (i.e., ρn(x) = 0 when α − x < 0). Thus, depending on which piece

of this function equates the two sides of the inequality in equation (9), there can be two different

cutoffs as in equation (11). Figure 1 separately illustrates these two different cases.

Figure 1-(a) depicts the case when α is sufficiently large (i.e., α ≥ α), where the match proba-

bility at the cutoff is positive (α−x ≥ 0). In this region, there is little asymmetry between the two

advertisers. Therefore, the dynamic adjustment for future option (C) is accordingly small (recall

∂C
∂α < 0). On the other hand, Figure 1-(b) shows that the same strategy adjustment may induce a

greater distortion when α is relatively small (i.e., α ≤ α). First, the smaller α induces the larger

dynamic adjustment C. Moreover, the marginal impression or cutoff x′′ is determined at the point

where ρm(x) = C. Compared to the scenario where the cutoff point would have been determined

by equating ρm(x) with ρn(x) +C, represented by κ in the figure, the agency distorts the allocation

even more from the same strategic consideration: κ < x′′.

14



The first-period impression x1 that falls within the range of
[
x0, x

]
(where x ∈ {x′, x′′}) will

receive an ad from the less appealing advertiser, advertiser n, instead of advertiser m who has a

higher match probability. A more extreme scenario can arise when α ≤ α. For those on
[
α, x′′

]
(the

dark area on the line in Figure 1-(b)), the ad is not just less relevant, but completely irrelevant.

They may receive an ad with a zero match probability. Even though the ad agency perfectly knows

that there is another advertiser, advertiser m, who has a strictly positive match probability with

this particular consumer, the agency still sends an irrelevant ad. This inefficiency, paradoxically,

results from the agency’s strategic consideration for future options, which leads to an increase

in overall efficiency for the impression allocation among advertisers over time. In a sense, the ad

agency dumps the current impression to a less relevant, sometimes completely irrelevant advertiser.

She can spare the mainstream advertiser for the future impression, which may have a higher chance

of matching. Thus, the irrelevant ad can be a byproduct of the strategic behavior arising from the

common agency problem in the digital advertising sphere, not necessarily a technological drawback

from imperfect targeting. The following corollary, which is one of our main results, summarizes

this finding.

Corollary 1 (Irrelevant advertising) When the asymmetry between two advertisers is suffi-

ciently large such that α < α, consumers may receive an irrelevant advertising from an advertiser

with a zero match probability.

Proof. See the Appendix.

Finally, we consider the effect of α on the cutoff x. It is related to the issues of when and how

much the ad agency would distort the ad allocation.

Proposition 2 (The equilibrium cutoff) The equilibrium cutoff x first decreases and then in-

creases in α: (1) when α < α, the cutoff x monotonically decreases in α. (2) When α ≥ α, it

monotonically increases in α. Therefore, the equilibrium cutoff x reaches its minimum at α = α,

and its maximum at the two ends of α, where x(α = 0) = x(α = 1) = 1
2 .

Proof. See the Appendix.

The proposition suggests that the ad agency is more likely to allocate an impression to the niche

advertiser (i.e., advertiser n) when the asymmetry between two advertisers becomes extremely large
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Figure 2: The first-period equilibrium cutoff x

or small. It is intuitive that as α increases (or the asymmetry between the two advertisers becomes

smaller), the agency allocates the impression more equally. The cutoff x converges to the center of

the market: that is, x ↑ 1
2 as α→ 1. Moreover, the agency is, paradoxically, more likely to allocate

an impression to the niche advertiser when the niche advertiser becomes extremely niche because

of the strategic future consideration. As α decreases (or equivalently as the asymmetry becomes

larger), the need to consider the future opportunity increases. Thus, C increases as α decreases and

x increases to 1
2 : that is, x ↑ 1

2 as α→ 0.

Figure 2 illustrates how the equilibrium cutoff point x changes along with α. We note that x(α)

is the upper envelope of two functions, x′(α) and x′′(α). While x′(α) is increasing in α, x′′(α) is

decreasing in α. Therefore, x(α) reaches its minimum at α, and its maximum at both ends of α;

that is, α = 0 and α = 1.

4.3 Allocation efficiency

We now evaluate the efficiency of the dynamic allocation by comparing the expected profit of the

agency under a dynamic setting (E[Π∗]) with the benchmark case (E[Π0]), which is the first-best.

Under a dynamic setting, the ad agency can obtain the following expected profit:

E[Π∗] =

∫ x

0
ρn(x1)dx1 + x ·

∫ 1

0
ρm(x2)dx2 +

∫ 1

x
ρm(x1)dx1 + (1− x) ·

∫ 1

0
ρn(x2)dx2
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=


α4−4α3+10α2+4α+9

16 if α ≥ α
α4+6α2+5

8 otherwise
(12)

The first two terms represent the scenario when the first period impression falls within the

range that the ad agency allocates it to the niche advertiser n in the first period (i.e., x ≤ x). Each

term represents the first-period expected profit (
∫ x

0 ρn(x1)dx1) and second-period expected profit

(x ·
∫ 1

0 ρm(x2)dx2), respectively. Similarly, the next two terms represent another scenario when the

first-period impression falls within the range that the ad agency allocates it to the mainstream

advertiser m in the first period (i.e., x > x).

From equations (6) and (12), the difference in expected profit (∆) can be expressed as,

∆ ≡ EΠ0 − EΠ∗

=

∫ x

x0

{ρm(x1)− ρn(x1)}dx1 + (1− x)

∫ 1

x0

{ρm(x2)− ρn(x2)}dx2 + x

∫ x0

0
{ρn(x2)− ρm(x2)}dx2

= ∆1 + (1− x) ·∆M
2 + x ·∆N

2 , (13)

where

∆1 ≡
∫ x

x0

{ρm(x1)− ρn(x1)}dx1 =


(1−α2)2

16 if α ≥ α
α4−4α2+1

8 otherwise
(14)

∆M
2 ≡

∫ 1
x0{ρm(x2)− ρn(x2)}dx2 = 2−α2

4 (15)

∆N
2 ≡

∫ x0

0 {ρn(x2)− ρm(x2)}dx2 = α2

4 (16)

∆1 represents the ex-ante inefficiency of the first period. When the first-period impression

falls in the range x0 ≤ x1 ≤ x, the agency allocates it to advertiser n, even though its match

probability is lower than advertiser m. This is because the agency ex ante expects the second-

period impression to have a better match with advertiser m than advertiser n. In the second

period, two different types of inefficiency arise. First, suppose that the first-period impression

is assigned to advertiser n because x1 ≥ x (so it can happen with a probability (1 − x)). The

second-period impression allocation can be ex-post inefficient if the second-period impression falls

in the range x2 ≥ x0 where the agency sends a niche product ad to mainstream consumers (i.e.,
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consumers who are more interested in the mainstream product). We thus call it the second-period

type-M inefficiency, which corresponds to ∆M
2 . Second, suppose that the agency allocates the

first impression to advertiser n (which can arise with a probability x). The agency then has to

allocate the second impression to advertiser m, regardless of where the second impression falls. In

this case, if x2 ≤ x0, advertiser n’s match probability is higher. Thus, inefficiency arises. Since

the inefficiency comes from sending a mainstream product ad to niche consumers, we call it the

second-period type-N inefficiency, and it is represented by ∆N
2 . Note that ∆M

2 is always larger than

∆N
2 , since mainstream advertiser has a higher overall match probability. Moreover, as α increases,

consumers’ interest in the niche product increases, and thus by definition, ∆M
2 decreases but ∆N

2

increases.

We can easily see that ∆ ≡ EΠ0−EΠ∗ > 0. By the definition, ρm(x) ≥ ρn(x) for all x ≥ x0 and

the opposite (ρm(x) < ρn(x)) holds for all x < x0. Hence, all three terms ∆1,∆
M
2 ,∆N

2 in (13) are

positive, leading to ∆ > 0. Clearly, the ad allocation is always efficient under no constraint (i.e.,

EΠ0 from the benchmark model), but there exists an efficiency loss from the dynamic allocation of

the agency in every period. The following proposition presents how this efficiency loss changes as

the asymmetry between the two advertisers changes.

Proposition 3 (Efficiency Loss) As α increases, the total inefficiency (∆) decreases.

Proof. See the Appendix.

The proposition suggests that the inefficiency decreases as the two advertisers become similar.

To understand these relationships, note that the efficiency loss is the mixture of different sources

of efficiency gains and losses from the agency’s strategic behaviors (∆1, ∆M
2 , and ∆N

2 ). First, as

α increases, the asymmetry between the two advertisers becomes smaller. Thus, there is little

reason for the agency to consider the future. Therefore, the first-period inefficiency (i.e., ∆1)

monotonically decreases in α. Second, the second-period inefficiency is the weighted average of ∆M
2

and ∆N
2 : ∆2 ≡ (1− x) ·∆M

2 + x ·∆N
2 . As noted above, ∆N

2 is always smaller than ∆M
2 . Moreover,

by Proposition 2, the relative weight on ∆N
2 (i.e., x) initially decreases but then increases with α.

Consequently, as α increases, the second-period inefficiency ∆2 gets larger and then smaller. The

overall efficiency loss, as the sum of the first- and second-period inefficiencies, generally follows the
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first-period inefficiency pattern since the first-period inefficiency changes more drastically than the

second-period inefficiency. Thus, the overall inefficiency always decreases in α.

5 No Contractual Obligation

Our main model captures two realities of the practice: (1) any single advertiser cannot cover all the

impressions in the market (i.e., there is a binding budget constraint for every advertiser), and (2) an

ad agency contract often stipulates the minimum number of impressions that the agency needs to

deliver to the advertiser. As a result, in our main model, the ad agency serves both advertisers by

matching one impression per each advertiser over time. However, the need to serve both advertisers

has caused the ad allocation inefficiency.

When there is no contractual requirement for the minimum impression delivery, a strategic

agency may choose not to allocate the first-period impression to any advertiser to keep both adver-

tisers available in the second period for better matching with the future impression. In this section,

we examine such a possibility. To do so, we endogenize the agency’s decision on whether to serve

one or both advertisers by extending the agency’s strategy space to

At(x) ∈ {∅,m, n}, (17)

where ∅ denotes the option of the agency not to assign an impression to either advertiser. The

advertisers are still budget-constrained (bj = 1). The agency may choose the null option (∅) in the

first period to keep both options (of allocating an impression to advertiser m or n) open in the

second period. This may reduce the allocation inefficiency of the first period.

When the first-period impression arrives, the agency considers the total expected profit from

those three options: (1) A1 = m, which automatically leads to A2 = n, (2) A1 = n, which leads to

A2 = m, and (3) A1 = ∅, which can lead to either A2 = m or A2 = n. The expected profits in the

first period are given as,

EΠ(A1 = m) = ρm(x1) +

∫ 1

0
ρn(x)dx (18)
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EΠ(A1 = n) = ρn(x1) +

∫ 1

0
ρm(x)dx (19)

EΠ(A1 = ∅) =

∫ 1

0
max{ρm(x), ρn(x)}dx (20)

By comparing those three expected profits, we can identify conditions for equilibrium advertising

allocation. First, the agency chooses A1 = m if and only if the following two conditions are satisfied:

EΠ(A1 = m) ≥ EΠ(A1 = n) ⇔ ρm(x1) ≥ ρn(x1) + C, (21)

EΠ(A1 = m) ≥ EΠ(A1 = ∅) ⇔ ρm(x1) ≥ κm, (22)

where C was defined in (10) and κm ≡
∫ 1

0

{
max{ρm(x), ρn(x)} − ρn(x)

}
dx = 2−α2

4 .

Second, the agency chooses A1 = n if and only if the following two conditions satisfy

EΠ(A1 = m) ≤ EΠ(A1 = n) ⇔ ρm(x1) ≤ ρn(x1) + C, (23)

EΠ(A1 = n) ≥ EΠ(A1 = ∅) ⇔ ρn(x1) ≥ κn, (24)

where κn =
∫ 1

0

{
max{ρm(x), ρn(x)} − ρm(x)

}
dx = α2

4 .

Finally, the agency chooses A1 = ∅ if and only if ρm(x1) < κm and ρn(x1) < κn.

To summarize these findings, we obtain the following equilibrium allocation rule with the

agency’s additional option of not allocating an impression to any advertiser.

Proposition 4 (Dynamic advertising allocation with no contractual obligation) When the

agency does not need to serve both advertisers, the agency adopts the following advertising allocation

rule:

1. Suppose α ≥ 1
2 . The agency allocates the first-period impression to advertiser m when x1 ≥ x.

Otherwise, she allocates it to advertiser n.

2. Suppose α < 1
2 . The agency allocates the first-period impression to advertiser m when x1 ≥

xκm. If xκn ≤ x1 ≤ xκm, A1 = ∅, that is, the agency does not assign an impression to any

advertiser. Finally, she allocates the first period impression to advertiser n when x1 < xκn.
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(a) When α ≥ 1
2 : xκm ≤ x ≤ xκn (a) When α < 1

2 : xκn ≤ x ≤ xκm

Figure 3: Advertising allocation rule and cutoff x

Here, x is from equation (11), and xκm ≡ 2−α2

4 , xκn ≡
α(4−α)

4 .11

Proof. See the Appendix.

The equilibrium allocation rule is similar to Proposition 1 with one more option of no assignment

(A1 = ∅). Proposition 4 shows when to exercise this third option. When α ≥ 1
2 , it is easy to see that

xκm ≤ xκn , which is depicted in Figure 3-(a). In this case, given that ρm(x1) < κm and ρn(x1) < κn

are equivalent to xκn ≤ x1 < xκm , the agency never chooses the option of no assignment. It is so

because when α is large, the relative benefit of keeping both advertisers for the future is not greater

than the immediate profit from serving one of them. In particular, when the two advertisers are

comparable, the option value of keeping advertiser m in the second period is very low. Even though

a greater symmetry increases the option value of keeping advertiser n, it amplifies the profit from

immediately serving advertiser n even more. Hence, with a large enough α, the agency chooses to

allocate the impression to one of the advertisers instead of keeping both options open (i.e., A1 6= φ).

On the other hand, when α < 1
2 , we have xκn ≤ x < xκm and thus, the agency may choose

the option of no assignment as illustrated in Figure 3-(b). Interestingly, unlike the main model

where the agency needs to serve both advertisers, there is no case of consumers receiving irrelevant

ads from the advertiser with zero match probability. Intuitively, without contractual obligation to

serve both advertisers, the agency finds it optimal to save both advertisers for the second-period

impression instead of dumping one of the advertisers’ ads in which consumers have no interest.

Instead, we find an opposite case where the agency chooses not to assign the impression to any

advertiser (A1 = ∅) even though their match probability with both products are strictly positive.

11Note that the above conditions can be translated into the cutoff criteria x, xκm , and xκn : ρm(x) > ρn(x) + C is
equivalent to x1 > x; ρm(x) > κm is equivalent to x1 > xκm ; and ρn(x) > κn is equivalent to x1 < xκn .
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Proposition 5 (No-Ad Inefficiency) Suppose the agency does not need to serve both advertis-

ers. When the asymmetry between two advertisers are sufficiently large (α < 1
2), the first-period

inefficiency from sending irrelevant ads does not arise. However, there is always another type of

inefficiency of not sending an ad to consumers who have a strictly positive match probability with

one of two advertisers.

Proof. See the Appendix.

The proposition identifies an interesting trade-off of advertising inefficiency based on whether

or not the agency needs to serve both advertisers by the contractual arrangement. Serving both

advertisers always leads to the first-period inefficiency of excessive advertising (over-supply of ads)

where consumers may receive ads from a less relevant advertiser (sometimes with zero match prob-

ability). When the ad agency does not have to serve both advertisers, another type of inefficiency

where consumers may not receive an ad (under-supply of ads). The agency may not send any ad

to potentially interested consumers who have a strictly positive match probability with either or

both advertisers. When such no-ad inefficiency arises, all three parties (consumers, advertisers,

and the ad agency) bear the cost of inefficiency. Consumers and advertisers lose the chance for the

transaction while the agency loses the potential profit.

Finally, it is worth noting what happens when there is no budget constraint. First, with no

contractual obligation of the agency to serve both advertisers, it reverts to our benchmark of first-

best allocation. All the impressions now will be assigned to one of the two advertisers since their

match probability is nonzero. This implies that the no-ad inefficiency is indeed caused by the budget

constraint of advertisers. Next, if the agency has to serve both advertisers by the contract under

no budget constraint, the agency strategically distorts the ad allocation as in our main model since

it still has to assign one impression to each advertiser even in the absence of the budget constraint.

Thus, the irrelevant-ad inefficiency persists here. However, the no-ad inefficiency does not.

In summary, the no-ad inefficiency exists if and only if advertisers are budget-constrained re-

gardless of the contractual obligation to serve both advertisers. On the other hand, the irrelevant-ad

inefficiency exists if and only if the agency has the contractual obligation regardless of the budget

constraint.
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6 Agency Bidding vs. Direct Bidding

So far, we have established the existence of agency-induced targeting inefficiency in the online

advertising market. However, if such inefficiency is evident, advertisers might have less incentive

to use the advertising agency. Therefore, the logical question to follow is why advertisers hire an

agency and when they should do so. In this section, we endogenize the advertiser’s decision to

hire an ad agency and identify the conditions under which an advertiser is better off delegating its

advertising bidding decision to the ad agency (which we call agency bidding) compared to making

the bidding decision by itself (which we call direct bidding).

To understand the advertisers’ decisions, we extend and modify the main model as follows.

First, we introduce the benefits and costs of adopting the agency bidding, which was abstracted

away in the main model. The value of using an agency is its targeting accuracy. Many firms turn to

advertising agencies for their expertise and specialized knowledge for targeting. To operationalize

this notion, we first allow advertisers to have imperfect targeting technology (Chen et al., 2001).

For each impression, advertisers estimate the correct location x with the probability λ ∈ [0, 1].

With probability 1− λ, the advertisers cannot estimate the correct location of the impression due

to the lack of analytical capability or imperfect information processing technology. In this case, the

advertisers’ estimation of the location is randomly drawn from the entire location. Hence, for an

impression x, the advertisers’ estimated match probability will be given as ρi(x) with probability

λ and
∫ 1

0 ρi(x)dx with probability 1 − λ. Also, to reflect the reality that the agency has better

targeting technology, we simply assume λ = 1 for the agency. Thus, the parameter λ captures the

advertisers’ targeting accuracy while 1 − λ represents the difference in the targeting capabilities

(between advertisers and the agency) or the benefit of using the agency. There are also costs

associated with using the advertising agency. The advertiser pays a commission to the agency for

its service. We model the commission as a fixed fee γ ∈ [0, 1].

Next, to see the differential effects of direct bidding and agency bidding, we now assume the

following bidding mechanism. Consistent with practice, for each impression, the ad exchange runs

the first-price auction.12 Under direct bidding, advertisers bid based on their own and competitor’s

12Most of the leading ad exchanges have now adopted the first-price auction with a few examples being
Google Ad Manager (https://www.blog.google/products/admanager/simplifying-programmatic-first-price-auctions-
google-ad-manager/), MoPub (https://www.mopub.com/en/blog/first-price-auction), and the Rubicon Project
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expected revenues (or valuation) for an impression x. Because λ is common knowledge, each

advertiser’s expected revenue is also known. Therefore, the bidding game is a complete information

game that leads to the equilibrium where the higher valuation advertiser wins. The winner bids and

pays ε-higher than the loser’s valuation (which we assume is exactly the same as the loser’s valuation

for simplicity). Under the agency bidding, the agency bids based on its client’s expected profits.

When both advertisers choose the agency bidding, the agency bids and pays the reserve price r,

which we normalize to be zero. Under the asymmetric game where only one advertiser chooses the

agency bidding, the agency and the other advertiser play the bidding game. We analyze each case

more carefully below.

In this extension, we restrict our attention to the case where neither advertiser can monopolize

all the impressions which have a positive match probability with both products. This translates

to the condition that the asymmetry between the two advertisers is not large: α ≥ ¯̄α, where

¯̄α ≡ max
{√

2 − 1,
√

1−2λ+2λ2−λ
1−λ , (1+λ)

√
1+λ+4λ2−(1+λ+2λ2)

2λ

}
. This simplifies the analysis by elimi-

nating uninteresting and trivial monopoly market situations. Hence, this assumption helps us avoid

unnecessary complications from corner solutions while preserving the main forces behind advertis-

ers’ choice of agency bidding over direct bidding. Finally, as shown in Section 5, the irrelevant-ad

inefficiency does not require budget constraints but only the contractual obligation of the common

ad agency. Thus, in this extension, we relax the budget constraint of advertisers.

6.1 Endogenous decision to hire agency: profit analysis

Four distinct cases of this game can arise: (1) when both use agency bidding (call it A-A case), (2)

when both adopt direct bidding (D-D case), (3) when advertiser m adopts agency bidding while

advertiser n adopts direct bidding (A-D case), and (4) when advertiser m adopts direct bidding

while advertiser m adopts agency bidding (D-A case).

First, the analysis of the (A-A) case is the same as in the main model except for the commissions

to the agency. Therefore, the ex-ante expected profits of advertisers are:

EΠAA
m =

(∫ 1

x
ρm(x1)dx1 + x ·

∫ 1

0
ρm(x2)dx2

)
− γ (25)

(https://rubiconproject.com/insights/thought-leadership/evolution-to-first-price-auctions/).
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EΠAA
n =

(∫ x

0
ρn(x1)dx1 + (1− x) ·

∫ 1

0
ρn(x2)dx2

)
− γ. (26)

Second, the analysis of the (D-D) case is as follows. When an impression x arrives, advertisers’

valuations for the impression are vm(x) = Eρm(x) ≡ λρm(x) + (1 − λ)
∫ 1

0 ρm(x)dx and vn(x) =

Eρn(x) ≡ λρn(x) + (1− λ)
∫ 1

0 ρn(x)dx for advertisers m and n, respectively. Therefore, advertiser

m wins the auction if and only if Eρm(x) > Eρn(x), which is equivalent to ρm(x) ≥ ρn(x)− 1−λ
λ C

(where C was defined in (10)) ⇐⇒ x ≥ xDD ≡ α
2 −

(1−α2)(1−λ)
4λ .

It is easy to see that xDD ≤ x0, which implies that advertiser m is more likely to win in (D-

D) case compared to the (A-A) case. Because of the uncertainty from the imperfect targeting,

advertisers bid partially based on the overall match probability, which is higher for the mainstream

advertiser. The ex-ante expected profits of advertisers in this case are:

EΠDD
m = 2 ·

∫ 1

xDD
{ρm(x)− Eρn(x)}dx (27)

EΠDD
n = 2 ·

∫ xDD

0
{ρn(x)− Eρm(x)}dx (28)

Note that when advertiser i wins the auction, it earns the realized profit ρi(x), but pays the other

advertiser’s expected profit Eρj(x). This is because the winner’s payment is, in equilibrium, given

as the loser’s valuation, calculated with uncertainty on the location x.

Third, we turn to the asymmetric (A-D) case, where advertiser m adopts agency bidding but

advertiser n adopts direct bidding. Because of the difference in targeting accuracy between agency

bidding and direct bidding, two advertisers value the same impression differently. When an impres-

sion x arrives, advertisers’ valuations for the impression are vm(x) = ρm(x) and vn(x) = Eρn(x) =

λ ·ρn(x)+(1−λ) ·
∫ 1

0 ρn(x)dx for advertiser m and n, respectively. If there is no strategic considera-

tion for the future opportunity cost (as in the second period), advertiserm, which is adopting agency

bidding, wins the auction if and only if ρm(x) ≥ Eρn(x), or equivalently, x ≥ xAD2 ≡ α{α(1−λ)+2λ}
2(1+λ) .

Similar to the (D-D) case, we have xAD2 ≤ x0, and thus, the advertiser m is more likely to win in

the second period of the (A-D) case than in the (A-A) case. This is because advertiser n shades its

bid due to the uncertainty from imperfect targeting accuracy.
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However, the ad agency needs to deliver at least one impression to its client due to the con-

tractual obligation, which distorts its bidding strategy of the first period. To see this, note

that depending on the result of the first-period auction, it may change its strategy in the sec-

ond auction. Suppose that the agency (representing advertiser m) wins the auction in the first

period. Then, it satisfies the contractual obligation. The agency will only bid to win the sec-

ond auction if its valuation is higher than the competing advertiser (i.e., according to the rule

given by x ≥ xAD2 ). Thus, the expected profit from winning the first auction is, EΠm(W ) =

ρm(x1)−Eρn(x1) +
∫ 1
x2
AD{ρm(x2)−Eρn(x2)}dx2 − γ. On the other hand, if the agency loses the

first auction, it will bid to win the second auction irrespective of the valuation, even at a loss. Thus,

the expected profit from losing the first auction is, EΠm(L) = 0 +
∫ 1

0 {ρm(x2)− Eρn(x2)}dx2 − γ.

Comparing those two expected profits, we know that advertiser m, which adopts agency bidding,

wins the first auction if and only if EΠm(W ) ≥ EΠm(L), which translates to ρm(x1) + CAD ≥

Eρn(x1), where CAD ≡
∫ xAD2

0 {Eρn(x2)− ρm(x2)}dx2 = α2{α(1−λ)+2λ}2
8(1+λ) , or equivalently, x ≥ xAD1 ≡

α{α(1−λ)+2λ}{4(1+λ)−2αλ−α2(1−λ)}
8(1+λ)2 .13

Note that xAD1 ≤ xAD2 , which implies that advertiser m is even more likely to win in the first

period. This is because of the agency’s strategic consideration for the future. In the first period,

advertiser m (using agency bidding) aggressively bids not to be forced to win the unprofitable

impression in the second auction. In this case, advertisers face the double whammy of inefficiency:

one from the strategic consideration and another from the uncertainty due to imperfect targeting

accuracy.

Therefore, the ex-ante expected profits of advertisers in (A-D) case are:

EΠAD
m =

{∫ 1
xAD1
{ρm(x)− Eρn(x)}dx+ x1

AD ·
∫ 1

0 {ρm(x)− Eρn(x)}dx

+(1− xAD1 ) ·
∫ 1
xAD2
{ρm(x)− Eρn(x)}dx

}
− γ (29)

EΠAD
n =

∫ xAD1
0 {ρn(x)− ρm(x)}dx+ (1− xAD1 ) ·

∫ xAD2
0 {ρn(x)− ρm(x)}dx (30)

Note that the advertising cost for advertiser m is given as Eρn(x) while that for advertiser n is

13Similarly, advertiser n’s expected profits from winning and losing the first auction are: EΠn(W ) = Eρn(x1) −
ρm(x1) + 0, and EΠn(L) = 0 +

∫ xAD
2

0
{Eρn(x2) − ρm(x2)}dx2. Thus, we have EΠn(W ) ≥ EΠn(L) if and only if

ρm(x1) + CAD ≤ Eρn(x1).
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given as ρm(x). In the auction, advertiser n’s valuation is derived with uncertainty while advertiser

m’s valuation is derived with no uncertainty.

Finally, we consider another asymmetric case: the (D-A) case, where advertiser m adopts direct

bidding, but advertiser n adopts agency bidding. This is similar to (A-D) case (a detailed derivation

is in the Appendix), and we have the following ex-ante expected profits of advertisers:

EΠDA
m =

∫ 1
xDA1
{ρm(x)− ρn(x)}dx+ xDA1 ·

∫ 1
xDA2
{ρm(x)− ρn(x)}dx (31)

EΠDA
n =

{∫ xDA1
0 {ρn(x)− Eρm(x)}dx+ xDA1 ·

∫ xDA2
0 {ρn(x)− Eρm(x)}dx

+(1− xDA1 ) ·
∫ 1

0 {ρn(x)− Eρm(x)}dx
}
− γ (32)

6.2 Equilibrium outcomes

Given the expected profits under each scenario, we can identify equilibrium conditions under which

the advertiser is better off delegating its bidding decision to the ad agency (agency bidding), and the

conditions when the advertiser is better off making the bidding decision by itself (direct bidding).

First, we can show that an equilibrium of asymmetric cases, i.e., (A-D) and (D-A), cannot exist

in the parameter space that we consider (i.e., α ≥ ¯̄α) by contradiction.

Lemma 1 When the asymmetry between two advertisers is not too large (α ≥ ¯̄α), an asymmetric

equilibrium such as (A-D) and (D-A) does not exist.

Proof. See the Appendix.

Suppose there exists an asymmetric equilibrium where one advertiser chooses agency bidding

while the other chooses direct bidding. In such a case, the agency bidding advertiser must have

chosen it over direct bidding because the agency fee γ is sufficiently low to justify this choice.

However, at such low levels of the agency fee, the advertiser adopting direct bidding will also have an

incentive to deviate to agency bidding when the asymmetry between two advertiser is not too large

(α ≥ ¯̄α). When two similar advertisers adopt agency bidding together, the advertising cost (paid

to the platform) significantly decreases since the agency can optimally coordinate the impression

allocations. Conversely, when only one advertiser adopts agency bidding, the competition becomes

steep and the potential gain from winning impressions does not always translate into a higher
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profit. Thus, the additional benefit from both adopting agency bidding is higher than that from

adopting it alone. Therefore, under the asymmetric equilibrium, if two advertisers are sufficiently

similar such that α ≥ ¯̄α, the direct bidding advertiser also finds it optimal to use the agency who

can soften their competition. This destroys the equilibrium.

Next, we find the conditions under which both advertisers choose agency bidding against direct

bidding in equilibrium.

Proposition 6 (Agency - Agency Equilibrium) The (A-A) case where both advertisers adopt

agency bidding can be an equilibrium when the asymmetry between advertisers are sufficiently small

(α ≥ α∗(λ, γ)), and the commission is not too high (γ < γ0). Here, the thresholds α∗(λ, γ) and

γ0 are implicitly defined by EΠAA
m = EΠDA

m and by EΠAA
m (α = 1) = EΠDA

m (α = 1) respectively.

Moreover, the threshold α∗(λ, γ) decreases in the advertiser’s targeting accuracy λ: ∂α∗(λ,γ)
∂λ > 0.

Proof. See the Appendix.

The proposition characterizes the (A-A) equilibrium. While each advertiser hires an agency to

improve its own targeting accuracy, using an agency may also hurt the competing advertiser due

to the agency’s aggressive bidding (based on its strategic consideration of the future). Thus, when

only one advertiser uses the agency, the other advertiser loses potentially profitable impressions.

As advertisers become more symmetric, the loss grows larger and the direct bidding advertiser’s

incentive to switch to agency bidding increases. Thus, the (A-A) equilibrium can be observed for

relatively high values of α. Such a switch, however, is profitable only when the agency fee γ is not

too high (i.e., γ < γ0). Figure 4 illustrates the condition for this equilibrium (Regions I and II in

Figure 4-(a) and Regions II and IV in Figure 4-(b)).

The proposition also shows that the threshold α∗(λ, γ) increases with λ (∂α
∗(λ,γ)
∂λ > 0). Note

that the relative profit of adopting agency bidding (rather than direct bidding) increases not only

when the advertisers become symmetric but also when the advertiser’s own targeting accuracy

decreases. Thus, when the targeting accuracy is lower (i.e., at a lower λ), agency bidding will

be observed even for a lower level of advertiser symmetry (i.e., a lower α). Conversely, when

advertisers’ targeting accuracy gets higher (i.e., at a higher λ), they will adopt agency bidding

only when they are sufficiently symmetric. Figure 4 illustrates this point clearly. Suppose that
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(a) When λ = 0.4
(A-A): Regions I and II

(D-D): Regions II and III

(b) When λ = 0.8
(A-A): Regions II and IV

(D-D): Entire Region

Figure 4: Equilibrium Conditions

γ = 0.8 (see the dotted line). In Figure 4-(a), where the targeting accuracy is lower at λ = 0.4,

agency bidding can be observed for all α ≥ α∗ = 0.69. On the other hand, if the targeting accuracy

becomes higher at λ = 0.8, which is Figure 4-(b), they will adopt agency bidding only for higher α

such that α ≥ α∗ = 0.70.

Next, we examine the conditions for (D-D) equilibrium.

Proposition 7 (Direct - Direct Equilibrium) The (D-D) case where both advertisers adopt

direct bidding can be an equilibrium when either the agency commission (γ) or the advertisers’

targeting accuracy (λ) is sufficiently high. Moreover, whenever both the (D-D) and the (A-A)

equilibria co-exist, the (A-A) equilibrium yields greater joint profits of advertisers if either γ or λ

is not too high.

Proof. See the Appendix.

Both the high agency fee and the high targeting accuracy decrease the attractiveness of agency

bidding. Therefore, in either of these cases, both advertisers will choose direct bidding, leading

to the (D-D) equilibrium. Figure 4 shows the (D-D) equilibrium arises when γ > γ∗(α, λ) for

a relatively small λ (Figure 4-(a): Regions II and III), where γ∗(α, λ) is implicitly defined by

29



EΠDD
m = EΠAD

m . On the other hand, when λ is sufficiently large (for example, λ = 0.8 as in Figure

4-(b)), it always exists for all the values of γ > 0.

Interestingly, there are regions where both (A-A) and (D-D) may emerge as an equilibrium.

In such a case, (A-A) is more likely to be observed if the (A-A) equilibrium yields greater joint

profits than the (D-D) equilibrium. The proposition shows that this can happen when either the

agency commission (γ) or the advertisers’ targeting accuracy (λ) is not very high. As noted above,

high values of both γ and λ make direct bidding relatively profitable. Thus, agency bidding can

dominate if either of these values is not too high. This is also illustrated in Figure 4. In Figure

4-(a) with a relatively low λ (λ = 0.4), (A-A) dominates (D-D) in joint profits for any γ value

(i.e., Regios I, II, and III), while in Figure 4-(b) with a relatively high λ (λ = 0.8), (A-A) yields

greater profits than (D-D) when γ < γ∗∗(α, λ) (i.e., Regions III and IV). Therefore, despite the

agency-induced inefficiencies, advertisers have an incentive to hire an agency, especially a common

agency. It could potentially explain why increasingly more firms advocate agency-bidding even

though the common agency with the other advertiser potentially target the overlapping consumer

segments.

7 Conclusion

The past decade has witnessed a rapid advancement of ad tech, which had not only altered the

way ads are served but also drastically improved online ad targeting. Although the great promise

of the advanced targeting technology was the highly relevant ads, in reality, a significant number

of consumers still experience irrelevant ads. The objective of this paper was to offer an economic

explanation for this paradoxical situation, based on the online ad-serving market mechanism. By

focusing on the often-ignored ad agency’s role in the context of the real-time bidding platform,

the paper has identified an agency-induced targeting inefficiency, which can provide important

managerial and policy implications.

We first find that the ad agency serving multiple advertisers, out of its self-interest, distorts the

ad allocation due to strategic consideration in a dynamic setting. The agency expects future impres-

sions to be better matched with the mainstream advertiser. Still, it has to provide both advertisers
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with a minimum number of impressions as required by the contract. Therefore, it may dump the

current impression to a less-matched niche advertiser to save a future and potentially more-relevant

impression for the mainstream advertiser. In an extreme case, an impression is allocated to the

niche advertiser with zero match probability, which results in completely irrelevant advertising.

In this case, consumers receive irrelevant ads not because of the technological imperfectness but

because of the incentive problem inherent to the structure of the ad-serving market.

After demonstrating the existence of agency-induced inefficiency, manifested most clearly as the

form of irrelevant advertising, we endogenize the agency’s choice of whether or not to serve both

advertisers. Without being contractually bound, a strategic agency may choose to allocate zero

impression by forgoing the current mediocre opportunity for a better future opportunity. Thus, the

inefficiency associated with completely irrelevant ads will not arise in this case. Yet, there is another

type of inefficiency. The agency may under-supply the ads to the consumers by refraining from

allocating impressions to any advertiser with a strictly positive match probability. This inefficiency

arises because of the advertisers’ budget constraint, which forces the agency to tradeoff serving an

advertiser in the current vs. future period. Thus, it may give up the current impression if it is not

attractive enough to either advertiser. The need to serve both advertisers leads to the inefficiency

of irrelevant ads; having no contractual obligation, however, may lead to the inefficiency of no ads.

We also consider the advertiser’s endogenous decision of whether or not to hire an ad agency.

By hiring an agency, each advertiser can improve the targeting accuracy of their ads. However, it

has to pay the agency fee. Conversely, by directly bidding without an agency, each advertiser may

suffer from losing better-matched impressions to the competitor due to inaccurate targeting. We

compare those costs and benefits of using an ad agency and identify the conditions under which

the advertiser is better off using the ad agency. The loss from the strategic behavior of the agency

is greater when the two advertisers are more comparable in their appeal to consumers. Therefore,

as long as the agency fee is not too large, both advertisers choose to hire the common agency when

the advertisers are sufficiently symmetric.

Our findings call for the need to discern the agency-induced irrelevant advertising from the

error-based irrelevant advertising. By recognizing this distinction, managers and policymakers can

have a realistic view of the irrelevant ads and better prepare the right course of action to address
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irrelevant targeted ads problems. For example, advertisers may choose to contract with the agency

that also serves advertisers with a similar level of appeal to the consumer population or even

avoid the agency serving other advertisers with potentially overlapping consumer segments. These

solutions will help the managers to overcome the challenges inherent in the ad-serving market itself.

Finally, this paper is without limitations. First, we have assumed that the agency’s payoff

is identical to the sum of advertisers’ payoffs to focus on the inefficiencies arising from using the

common ad agency. It would be interesting to see how the traditional moral hazard problem

interacts with our results, especially in the context of online advertising markets. Second, the

goal of our research is to establish the existence of online targeting inefficiencies due to ad agency,

which has been overlooked in the literature. Exploring how to alleviate those inefficiencies can

be an important next move. However, whether any contractual solution could possibly exist is

an open question. Third, we consider a single agency in this paper to zoom in on the agency-

advertiser relationship. However, in reality, multiple ad agencies representing distinct advertisers

participate in the real-time bidding platform to win the impression for their clients. Considering

competition among agencies can quickly complicate the analysis. Still, it may uncover a new layer

of strategic interaction that could lead to some new insights. These are all exciting avenues for

further investigation, which we leave for future research.
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Appendix

Proof of Proposition 1

We have the result directly from Equation (9), by solving ρm(x) = ρn(x) + C. Since ρn(x) =

max{0, α− x} is a piecewise but continuous function, this yields two different solutions as shown

in Equation (11). Here note that α ≥ α is obtained from x ≤ α. Finally, it is obvious that

x′ = 1
2 −

(1−α)2

4 < 1
2 and that x′′ = 1−α2

2 < 1
2 �

Proof of Corollary 1

When α ≤ α, by Proposition 1, the agency allocates the first-period impression to advertiser n if

and only if x1 < x′′. Also by definition, whenever the first-period impression x1 falls in the range

[α, x′′
]
, we have ρn(x1) = 0. Therefore, consumer x1 ∈ [α, x′′] receives an ad from advertiser n

whose match probability is zero. �

Proof of Proposition 2

Given x from Equation (11), we have

∂x

∂α
=

{
∂x′

∂α = 1−α
2 > 0 if α > α

∂x′′

∂α = −α < 0 if α ≤ α
(33)

This proves the first part of the proposition. This, together with x′(α = α) = x′′(α = α) =
√

2− 1

and x′(α = 1) = x′′(α = 0) = 1
2 , implies that x achieves its minimum at α = α but its maximum

at α = 0 and α = 1. This completes the proof. �

Proof of Proposition 3

Given Equations (13), (14), (15), and (16), the total inefficiency is given as

∆ =

{
−α4+4α3−2α2−4α+7

16 if α ≥ α
−α4−2α2+3

8 otherwise
(34)

Thus,

∂∆

∂α
=

{
− (1−α)(1+2α−α2)

4 if α ≥ α
−α(1+α2)

2 otherwise

}
< 0. (35)

�

33



Proof of Proposition 4

First, note that ρm(x) < κm is equivalent to x1 < xκm ≡ 2−α2

4 and that ρn(x) < κn is equivalent to

x1 > xκn ≡
α(4−α)

4 . Then it follows that A1 = m if x1 ≥ max{x, xκm}; A1 = n if x1 ≤ max{x, xκn};
and A1 = φ if xκn < x1 < xκm . However, given the definitions of x, xκm , and xκn , we have

xκn ≥ x ≥ xκm if α ≥ 1
2 but xκn < x < xκm otherwise. Therefore, when α ≥ 1

2 , A1 = φ can never

be observed and A1 = m if x1 ≥ x but A1 = n otherwise. When α < 1
2 , A1 = m if x1 ≥ xκm ;

A1 = n if x1 ≤ xκn ; and A1 = φ if xκn < x1 < xκm . �

Proof of Proposition 5

(1) To prove the first part, note that ρn(x) > 0,∀x < α but xκn = α(4−α)
4 < α. This implies

ρn(x) > 0, ∀x ≤ xκn . Thus, the match probability is always positive whenever the impression

is allocated to advertiser n. Therefore, there is no irrelevant-ad inefficiency. (2) For the second

part, recall from Proposition 4 that when α < 1
2 , we have A1 = φ for xκn < x1 < xκm . Since

ρm(x) > 0, ∀x ∈ (0, 1], the first-best allocation allows the agency to earn at least
∫ xκm
xκn

ρm(x)dx > 0

while the dynamic allocation leads to zero profit for the agency. Hence there arises an inefficiency

due to no-ad allocation. This completes the proof. �

Proof of Lemma 1

Let ∆AA
m ≡ EΠAA

m − EΠDA
m , ∆AA

n ≡ EΠAA
n − EΠAD

n , ∆DD
m ≡ EΠDD

m − EΠAD
m , and ∆DD

n ≡
EΠDD

n − EΠDA
n . Then, (A-D) can be an equilibrium if and only if ∆AA

n ≤ 0 and ∆DD
m ≤ 0.

Now suppose (A-D) can be an equilibrium when α ≥ ¯̄α. Then, by defining γ∗ by ∆DD
m ( ¯̄α, γ∗) = 0,

we should have ∆AA
n ( ¯̄α, γ∗) ≤ 0, where ∆AA

n ( ¯̄α, γ∗) is given as,

∆AA
n ( ¯̄α, γ∗) =


l1+l2

√
1−2λ+2λ2

128(1−λ2)4 if λ ∈ [0, 1
2)

l3+l4
√

2
128λ2(1+λ)4 if λ ∈ [1

2 ,
7−2
√

2+2
√

4+116
√

2
41 )

l5+l6
√

1+1λ+4λ2

32768λ8 if λ ∈ [7−2
√

2+2
√

4+116
√

2
41 , 1]

, (36)

where

l1 ≡ 125 + 167λ− 20λ2 + 196λ3 + 606λ4 + 282λ5 + 204λ6 − 604λ7 + 621λ8 − 41λ9 (37)

l2 ≡ −120− 264λ− 248λ2 − 424λ3 − 424λ4 + 232λ5 + 24λ6 − 312λ7 (38)

l3 ≡ −96 + 352λ+ 3365λ2 − 14229λ3 + 61866λ4 − 82290λ5 + 48433λ6 − 11833λ7 (39)

l4 ≡ 64− 256λ− 2368λ2 + 10096λ3 − 43712λ4 + 58208λ5 − 34240λ6 + 8368λ7 (40)

l5 ≡ 640+2176λ+1824λ2−6272λ3−25195λ4−22113λ5+83036λ6+315124λ7+551662λ8+517354λ9+111772λ10

−373676λ11−485531λ12−283089λ13+97152λ14+140800λ15+81920λ16−32768λ17 (41)

l6 ≡ −640−1856λ+304λ2+9000λ3+17560λ4−4112λ5−101920λ6−227984λ7−258128λ8−97664λ9+139824λ10
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+226472λ11+153208λ12−34928λ13−66944λ14−43008λ15+16384λ16. (42)

For λ ∈ [0, 1], it is easy to see that (1) l1+l2
√

1−2λ+2λ2

128(1−λ2)4 > 0 holds if and only if λ < 0.6463, (2)

l3+l4
√

2
128λ2(1+λ)4 > 0 holds if and only if λ > 0.4449, and (3) l5+l6

√
1+1λ+4λ2

32768λ8 > 0 holds if and only if

λ > 0.4894. Given this, for any λ ∈ [0, 1], we have ∆AA
n ( ¯̄α, γ∗) > 0, which is a contradiction.

Therefore, the (A-D) equilibrium does not exist.

Next suppose (D-A) can be an equilibrium when α ≥ ¯̄α. Then, since (D-A) can be an equilibrium

if and only if ∆DD
n ≤ 0 and ∆AA

m ≤ 0, by defining γ∗∗ by ∆DD
n ( ¯̄α, γ∗∗) = 0, we should have

∆AA
m ( ¯̄α, γ∗∗) ≤ 0, where ∆AA

m ( ¯̄α, γ∗∗) is given as,

∆AA
m ( ¯̄α, γ∗∗) =


q1+q2

√
1−2λ+2λ2

128(1−λ2)4 if λ ∈ [0, 1
2)

q3+q4
√

2
128λ2(1+λ)4 if λ ∈ [1

2 ,
7−2
√

2+2
√

4+116
√

2
41 )

q5+q6
√

1+1λ+4λ2

512λ6 if λ ∈ [7−2
√

2+2
√

4+116
√

2
41 , 1]

, (43)

where

q1 ≡ −27− 137λ+ 44λ2 − 1116λ3 + 1230λ4 − 1542λ5 + 780λ6 − 380λ7 + 149λ8 − 25λ9 (44)

q2 ≡ 32 + 224λ+ 208λ2 + 912λ3 − 640λ4 + 448λ5 − 240λ6 + 80λ7 (45)

q3 ≡ −96− 544λ− 859λ2 − 1045λ3 + 1930λ4 − 4242λ5 − 815λ6 − 537λ7 (46)

q4 ≡ 64 + 384λ+ 656λ2 + 864λ3 − 1216λ4 + 3104λ5 + 624λ6 + 384λ7 (47)

q5 ≡ −16−64λ−234λ2−654λ3−1131λ4−1562λ5−1620λ6−1966λ7−2575λ8−3122λ9−1216λ10−256λ11 (48)

q6 ≡ 16+56λ+176λ2+476λ3+608λ4+688λ5+704λ6+1036λ7+1472λ8+592λ9+128λ10. (49)

For λ ∈ [0, 1], it is easy to see that (1) q1+q2
√

1−2λ+2λ2

128(1−λ2)4 > 0 always holds, (2) q3+q4
√

2
128λ2(1+λ)4 > 0 holds

if and only if λ > 0.2186, and (3) q5+q6
√

1+1λ+4λ2

512λ8 > 0 holds if and only if λ > 0.2156. Thus, for any

λ ∈ [0, 1], we have ∆AA
m ( ¯̄α, γ∗∗) > 0, which is a contradiction. Therefore, the (D-A) equilibrium

does not exist. �

Proof of Proposition 6

(A-A) can be an equilibrium if and only if ∆AA
n ≥ 0 and ∆AA

m ≥ 0. Based on Equations (25), (26),

(31), and (30), we have

∆AA
n −∆AA

m = (1−α)
64(1+λ)4 · {g0 + g1 · λ+ g2 · λ2 + g3 · λ3 + g4 · λ4}, (50)

where

g0 ≡ −7 + 5α+ 65α2 − 47α3 − 7α4 + 17α5 + α6 − 3α7 (51)
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g1 ≡ −20 + 44α+ 116α2 − 76α3 + 68α4 − 28α5 − 20α6 + 12α7 (52)

g2 ≡ −26 + 126α+ 6α2 + 86α3 − 42α4 − 42α5 + 54α6 − 18α7 (53)

g3 ≡ 12− 20α+ 148α2 − 12α3 − 92α4 + 100α5 − 52α6 + 12α7 (54)

g4 ≡ −23 + 37α+ 49α2 − 79α3 + 73α4 − 47α5 + 17α6 − 3α7. (55)

For α ∈ [
√

2 − 1, 1], it is easy to see that both gi > 0, (i = 0, 1, 2, 3) and g3 + g4 > 0 hold. Given

this, for any α ≥ ¯̄α(≥
√

2− 1), we have ∆AA
n −∆AA

m > 0,∀λ ∈ [0, 1]. This implies that among the

above two conditions for the (A-A) equilibrium, only ∆AA
m ≥ 0 is binding.

Next, observe that

∂∆AA
m
∂α = 1

64(1+λ)4 · {h0 + h1 · λ+ h2 · λ2 + h3 · λ3 + h4 · λ4}, (56)

where

h0 ≡ −1− 4α+ 18α2 − 2α3 (57)

h1 ≡ −8 + 4α+ 72α2 − 24α3 (58)

h2 ≡ −26 + 88α+ 4α3 (59)

h3 ≡ 16− 44α+ 96α2 − 24α3 (60)

h4 ≡ −13 + 20α+ 6α2 − 2α3. (61)

Then, when α >
√

2 − 1, both hi > 0(i = 0, 1, 2, 3) and h3 + h4 > 0 hold. Therefore, for any

α ≥ ¯̄α(≥
√

2− 1), we have ∂∆AA
m
∂α > 0,∀λ ∈ [0, 1]. This implies that ∆AA

m is an increasing function

of α in [ ¯̄α, 1] for any value of λ.

Finally, note that ∆AA
m (α = ¯̄α) = γ̄(λ) − γ > 0 is equivalent to γ < γ̄(λ) and ∆AA

m (α = 1) =
15
64 − γ > 0 is equivalent to γ < 15

64 , where

γ̄(λ) ≡


j1+j2

√
1−2λ+2λ2

64(1−λ)4 if λ ∈ [0, 1
2)

j3+j4
√

2
64(1+λ)4 if λ ∈ [1

2 ,
7−2
√

2+2
√

4+116
√

2
41 )

j5+j6
√

1+λ+4λ2

512λ4 if λ ∈ [7−2
√

2+2
√

4+116
√

2
41 , 1]

, (62)

and

j1 ≡ −5− 52λ+ 96λ2 − 452λ3 + 702λ4 − 988λ5 + 248λ6 − 44λ7 + 111λ8 (63)

j2 ≡ 20 + 28λ− 108λ2 + 476λ3 − 100λ4 + 308λ5 − 196λ6 − 44λ7 (64)

j3 ≡ −217− 1012λ+ 714λ2 − 1652λ3 + 103λ4 (65)

j4 ≡ 156 + 720λ− 504λ2 + 1168λ3 − 68λ4 (66)

j5 ≡ −8− 200λ− 537λ2 − 1268λ3 − 1726λ4 − 2028λ5 − 1961λ6 − 1696λ7 − 128λ8 (67)
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j6 ≡ 8 + 196λ+ 424λ2 + 696λ3 + 808λ4 + 868λ5 + 840λ6 + 64λ7. (68)

Now note that γ̄(λ) < 15
64 (since ∆AA

m is an increasing function of α). Then, we have the following

three cases:

• when γ ≥ 15
64 : since ∆AA

m (α = 1) > ∆AA
m (α = ¯̄α) ≥ 0, there is no (A-A) equilibrium.

• when γ̄(λ) ≤ γ < 15
64 : since ∆AA

m (α = ¯̄α) < 0 ≤ ∆AA
m (α = 1), there exists a threshold α0(λ, γ)

such that (A-A) is an equilibrium if and only if α > α0(λ, γ).

• when γ < γ̄(λ): since ∆AA
m (α = ¯̄α) < ∆AA

m (α = 1) < 0, (A-A) is an equilibrium for any

α ≥ ¯̄α.

Define α∗(λ, γ) = max{α0, ¯̄α}. Then, (A-A) is an equilibrium if and only if α > α∗(λ, γ) and

γ < 15
64 . This proves the first part.

Finally, note that

∂∆AA
m
∂λ = − (1−λ)(1−α)2{(13−8α+2α2)λ2+(2+20α−8α2)λ+(1+4α+2α2)}

8(1+λ)5 < 0, ∀α ∈ [0, 1],∀λ ∈ [0, 1]. (69)

Therefore, by the implicit function theorem,

∂α∗(λ,γ)
∂λ = −

∂∆AAm
∂λ

∂∆AAm
∂α

> 0,∀α ∈ [ ¯̄α, 1],∀λ ∈ [0, 1], (70)

which proves the second part of the proposition. �

Proof of Proposition 7

(D-D) can be an equilibrium if and only if ∆DD
n ≥ 0 and ∆DD

m ≥ 0. Based on Equations (27), (28),

(29), and (32), we have

∆DD
n −∆DD

m = 1
128λ(1+λ)3 · {k0 + k1 · λ+ k2 · λ2 + k3 · λ3 + k4 · λ4 + k5 · λ5}, (71)

where

k0 ≡ 32− 64α+ 64α3 − 32α4 (72)

k1 ≡ 95− 136α+ 48α2 − 8α6 + α8 (73)

k2 ≡ 124− 40α− 24α2 − 96α3 + 64α4 − 48α5 + 16α6 + 8α7 − 4α8 (74)

k3 ≡ 114 + 40α− 192α2 + 96α3 − 112α4 + 48α5 + 24α6 − 24α7 + 6α8 (75)

k4 ≡ 76− 56α− 24α2 − 32α4 + 80α5 − 64α6 + 24α7 − 4α8 (76)

k5 ≡ 7− 64α3 + 112α4 − 80α5 + 32α6 − 8α7 + α8. (77)
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Then it is easy to see that ki > 0, (i = 0, 1, 2, 3, 4, 5),∀α ∈ [0, 1], implying that ∆DD
n − ∆DD

m >

0,∀α ∈ [0, 1], ∀λ ∈ [0, 1]. Thus, among the above two conditions for the (D-D) equilibrium, only

∆DD
m ≥ 0 is binding.

Given this, observe that ∂∆DD
m
∂γ = 1 > 0, implying that ∆DD

m is an increasing function of γ. Thus,

there exists a threshold γ0(α, λ) such that ∆DD
m > 0 if γ > γ0(α, λ). Since we consider only non-

negative γ, we define γ∗(α, λ) ≡ max{γ0, 0}. Then (D-D) can be an equilibrium when γ ≥ γ∗(α, λ).

Next, consider the case where the threshold γ0(α, λ) is negative for all values of α ∈ [ ¯̄α, 1]. In this

case, since ∆DD
m (γ = 0) ≥ 0, ∀α ∈ [ ¯̄α, 1], (D-D) is always an equilibrium irrespective of the γ

value. Since ∂∆DD
m
∂α > 0,∀α ∈ [ ¯̄α, 1], this case happens if and only if ∆DD

m (γ = 0, α = ¯̄α) ≥ 0, or

equivalently λ ≥ 0.7339. This implies that (D-D) can be an equilibrium also when λ ≥ 0.7339.

Putting together, (D-D) is an equilibrium when λ ≥ 0.7339 or γ ≥ γ∗(α, λ). This proves the first

part of the proposition.

To prove the second part, suppose the following conditions simultaneously hold: (1) α > α∗(λ, γ)

and (2) λ ≥ 0.7339 or γ ≥ γ∗(α, λ), so that both (A-A) and (D-D) can be an equilibrium. If we

define the joint profit of the advertisers as EΠJ ≡ EΠm + EΠn and the difference in the joint

profits as ∆J ≡ EΠAA
J − EΠDD

J , it is easy to see that ∂∆J
∂γ = −2 < 0, which implies that ∆J is a

decreasing function of γ. Thus, there exists a threshold γ00(α, λ) such that ∆J > 0 if γ < γ00(α, λ).

Since we consider a non-negative values of γ, define γ∗∗ ≡ max{γ00, 0}. Then, we have ∆J > 0

when γ < γ∗∗(α, λ).

Finally, note that when λ < 0.4269, the space defined by α > α∗(λ, γ) is the subset of the

space defined by γ < γ∗∗(α, λ), which implies that whenever the (A-A) equilibrium exists, ∆J > 0.

Together, the joint profit is higher under the (A-A) equilibrium than under the (D-D) equilibrium

when γ < γ∗∗(α, λ) or λ < 0.4269. �
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