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Equilibrium Investment and Asset Prices under Imperfect 
Corporate Control 

By JAMES Dow, GARY GORTON, AND ARVIND KRISHNAMURTHY* 

We integrate a widely accepted version of the separation of ownership and control- 
Michael Jensen's (1986) free cash flow theory-into a dynamic equilibrium model, and 
study the effect of imperfect corporate control on asset prices and investment. Aggregate 
free cash flow of the corporate sector is an important state variable in explaining asset 
prices, investment, and the cyclical behavior of interest rates and the yield curve. The 
financial friction causes cash-flow shocks to affect investment, and causes otherwise 
i.id. shocks to be transmitted from period to period. The shocks propagate through 
large firms and during booms. (JEL E32, E43, E44, G3, G12, G32) 

We study the implications of imperfect cor- 
porate control for equilibrium investment and 
asset prices. In standard neoclassical models of 
investment and asset pricing, managers (implic- 
itly) act in shareholders' interests, maximizing 
firm value. Managers rank projects by net 
present value, and undertake only those projects 
with positive net present value. Thus invest- 
ment decisions are taken as if a representative 
shareholder/consumer were running the firm, 
and the separation of ownership and control had 
no consequences. 

In practice, however, shareholders have im- 
perfect control over the decisions of the man- 
agement of a firm. Because of the separation 

between ownership and control (first identified 
by Adolph Berle and Gardiner Means, 1932),' 
agency problems arise and managers may 
choose projects that, while in their own inter- 
ests, do not maximize firm value. Investors try 
to align the incentives of managers with their 
own goals through corporate governance mech- 
anisms (e.g., independent directors on the 
board, charters that facilitate the market for 
corporate control, bank monitors, etc.) and 
through financial contracts (the firm's capital 
structure, executive compensation incentive 
contracts, etc.). Nevertheless, corporate control 
frictions remain a problem. 

We integrate a widely accepted version of the 
separation of ownership and control-Michael C. 
Jensen's (1986) free cash flow theory-into an 
otherwise standard dynamic equilibrium model 
and study the effect of imperfect corporate control 
on asset prices and investment. We assume that 
firms are run by empire-building managers who 
prefer to invest all free cash flow rather than 
distribute it to shareholders. Our corporate finance 
approach suggests that the aggregate free cash 
flow of the corporate sector is an important state 
variable in explaining asset prices and investment. 

First, we show that the introduction of the 
imperfect corporate control friction can im- 
prove the standard model's ability to explain 
some asset pricing regularities. We show that 

*Dow: Department of Finance, London Business 
School, London NW1 4SA, United Kingdom (e-mail: 
jdow@london.edu); Gorton: Department of Finance, The 
Wharton School, University of Pennsylvania, Philadelphia, 
PA 19104 and National Bureau of Economic Research 
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1 Also see Rafael La Porta et al. (1999), who emphasize 
another control problem, namely, that minority shareholders 
often have no ability to control dominant shareholders. 
Jeremy C. Stein (2001) surveys the literature. 
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the business cycle variation in free cash flow 
helps to explain the cyclical behavior of interest 
rates and the yield curve. The stochastic varia- 
tion in free cash flow also sheds light on risk 
premia on corporate bonds and out-of-the- 
money put-options. Our paper is a step in the 
direction of incorporating a theory of corporate 
finance into equilibrium asset pricing. 

Second, we show that the financial friction 
causes cash-flow shocks to affect investment, 
and causes otherwise i.i.d. shocks to be trans- 
mitted from period to period. In this regard, our 
model's implications accord with that of the 
existing macroeconomics literature on financial 
frictions (e.g., Ben Bernanke and Mark Gertler, 
1989; Nobuhiro Kiyotaki and John Moore, 
1997). One important difference between our 
work and the existing literature is that we study 
the frictions caused by imperfect corporate con- 
trol and empire-building managers. The existing 
literature has focused mostly on costly external 
finance, where shocks propagate through small 
firms and in recessions. In contrast, in our 
model, shocks propagate through large firms 
and during booms. 

The model we present integrates Jensen's 
(1986, 1993) free cash flow theory, with an 
equilibrium asset pricing model that is very 
similar to that of John Cox, Johnathan Ingersoll, 
and Stephen Ross (1985) (hereafter, CIR). Free 
cash flow is the total return from operations net 
of contractual payments to investors. In Jen- 
sen's theory, managers are empire-builders: 
they always want to invest as much as possible 
and will not release cash to the shareholders 
unless forced to do so.2 Shareholders attempt to 
control managerial decision making through 
costly monitoring (Jensen focuses on leverage 
as a device to force managers to release cash to 

investors), but they cannot perfectly control 
their managers. In our model, the aggregate free 
cash flow in the corporate sector arises as an 
important state variable. Since managers exer- 
cise control over the free cash flow, this state 
variable measures the severity of the corporate 
control problem. 

As in CIR, we assume a constant-returns-to- 
scale production process with a stochastically 
evolving productivity parameter. Unlike CIR, 
the production technology in our model is not 
directly operated by consumers, but instead is 
run by an empire-building manager. We model 
the limitations on the ability of investors to 
control the firm's investment and payout policy. 
We assume that a costly auditing/monitoring 
technology is available to investors. Payouts are 
costly in proportion to the size of the payout. 
Each period, investors hire some number of 
auditors, at a cost, to monitor the firm. The 
auditors have a technology to seize output 
and then transfer the resources back to con- 
sumers. However, each auditor can be respon- 
sible for only a limited amount of output. Thus, 
if the realized output is unusually high, the firm 
will retain some earnings. The manager invests 
this free cash flow, along with any new infu- 
sions from consumers. The next period, con- 
sumers again choose some number of auditors 
to hire, and so on. The critical feature of the 
model is that investment is chosen based not 
only on expected productivity, but also in part 
on any free cash flow retained from past 
production. 

A basic prediction of models that have for- 
malized Jensen's ideas is that investors force 
release of free cash flow by requiring the firm to 
increase leverage. Debt is a "hard claim" be- 
cause managers must meet debt payments or 
face ouster (see, for example, Rend Stulz, 1990; 
Milton Harris and Art Raviv, 1990; Oliver Hart 
and John Moore, 1995; Jeffrey Zwiebel, 1996). 
In our model, the firm's output is released to 
investors only by employing auditors. Thus our 
auditing technology works similarly to the hard 
claim of debt, but more broadly represents a 
variety of control mechanisms (e.g., debt, hos- 
tile takeovers, leverage buyouts, a change of 
board membership or charter, and so on). Our 
choice of the auditing formulation, instead of 
other devices such as costly default or costly 
state verification, is driven by analytical 
tractability. 

2 The idea that managers are empire-builders has a fairly 
long history. See, e.g., William Baumol (1959), Robin Mar- 
ris (1964), Oliver Williamson (1964), and Gordon Donald- 
son (1984). There have been a number of empirical tests of 
the free cash flow hypothesis. Larry Lang et al. (1991) find 
that when an acquiring firm in a merger has a low value of 
Tobin's q, and relatively high cash flows, the announcement 
effect is negative. Oliver Blanchard et al. (1994) look at a 
small sample of firms that receive a windfall amount of cash 
in a legal settlement. The firms in their sample have low 
values of q, but still the managers do not return the cash to 
the shareholders. Other examples include Lang and Robert 
Litzenberger (1989) and Steven Mann and Neil Sicherman 
(1991). 
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Our results contrast with those of a standard 
business cycle model, such as CIR, where asset 
prices and investment are driven by changes in the 
expected marginal rate of transformation (produc- 
tivity). For example, the CIR account of the pro- 
cyclical interest rate is that cyclical movements in 
productivity drive it. This seems very unrealistic 
for the short rate.3 In our model, the corporate 
control problem means that when free cash flow is 
high, investment may be higher than shareholders 
would optimally prefer. While shareholders can 
extract more resources from the firm, this will 
occur only in the future. The result is that share- 
holders can end up holding "too many" financial 
claims on the corporate sector, and to induce them 
to do this, interest rates will have to be high. Thus 
when free cash flow is high, as in a cyclical peak, 
investment demand is high, and therefore interest 
rates are high. Likewise, the model generates a 
term spread with the well-known leading indicator 
property.4 

The variation in the corporate control prob- 
lem over the business cycle also has implica- 
tions for risk premia. The distinctive feature of 
our model is that investors are effectively "debt- 
holders" on the productive sector. They bear 
downside risk, but do not fully share in the 
upside risk, as in these states managers exercise 
control over free cash flow. This means that 
securities that match this pattern of payoffs have 
high risk premia. Corporate bonds have high 
risk premia. Out of the money, put-options also 
have high risk premia, so that implied volatili- 
ties on options match the empirically observed 
volatility "smirk." This effect is more pro- 
nounced for options on assets with high corre- 
lation with overall wealth, such as index 

options. Finally, we show that equity securities 
exhibit mean reversion in returns. 

The model's implications for quantities are 
also in line with business cycle facts. Aggregate 
investment and free cash flow are positively 
correlated. Also, investment is more volatile 
than consumption. Because of the financial fric- 
tion, production shocks are amplified and oth- 
erwise i.i.d. shocks persist beyond a period. All 
of these implications are consistent with the 
macroeconomic literature on financial frictions 
(e.g., Bernanke and Gertler, 1989; Kiyotaki and 
Moore, 1997). One important difference be- 
tween our work and the existing literature is that 
we study the frictions caused by imperfect cor- 
porate control and empire-building managers. 
The existing literature has focused mostly on 
costly external finance. Casual empiricism sug- 
gests that the costly external finance problem 
arises more for small firms, while the corporate 
control problem arises for large firms. To the 
extent that both models imply a relation be- 
tween investment and cash flow, our paper re- 
inforces the existing results. On the other hand, 
our model suggests that shocks should propa- 
gate through the investment spending of large 
firms. 

There is a growing asset pricing literature that 
explicitly incorporates the production side. John 
Cochrane (1991), Jonathan Berk et al. (1999), 
Joao Gomes et al. (2003) (2001), and Bengt 
Holmstr6m and Jean Tirole (2001) are exam- 
ples of papers in this literature. In some of these 
papers it is the marginal rate of transformation 
of the firm that is the central focus. But the 
separation of ownership and control will gener- 
ally mean that this marginal rate of transforma- 
tion will not be equal to the cost of capital for a 
firm. Holmstrim and Tirole (2001) and Gomes 
et al. (2003) explicitly incorporate a costly ex- 
ternal finance friction into an equilibrium asset 
pricing model. Holmstrdm and Tirole show that 
the resulting model can better explain liquidity 
premia in asset markets. Gomes et al. reach the 
negative conclusion, however, that unless fi- 
nancing frictions are procyclical, they play a 
limited role in explaining asset prices. 

In the macroeconomics literature, two other 
recent papers have investigated the effect of 
imperfect control for investment. Jean-Pierre 
Danthine and John Donaldson (2003) study a 
model where contracts are assumed to force 
managers to bear a substantial amount of the 

3 The same issue arises in the standard real business 
cycle model. Large productivity shocks are needed at fairly 
short intervals to account quantitatively for business cycle 
fluctuations. Many macroeconomists have criticized this as 
unreasonable, and researchers have sought amplifications 
mechanisms whereby small shocks can have large effects. 
Mechanisms involving aspects of corporate net worth or 
retained earnings have been studied by Bernanke and 
Gertler (1989) and Kiyotaki and Moore (1997). 

4 The procyclical real interest rate, as well as behavior of 
the yield curve, may also be driven by countercyclical 
monetary policy. As is widely appreciated in the literature, 
however, monetary policy is endogenous and driven by 
expectations of private sector activity. At an extreme, our 
model might say that the monetary authority simply chooses 
the money supply so that the interbank rate aligns with our 
"real" interest rate. 
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risk of the investment that is undertaken within 
their firms. They show how this distorts invest- 
ment, leading to the possibility of both overin- 
vestment and underinvestment. They also show 
that their model generates a correlation between 
cash flow and investment. Thomas Philippon 
(2003) presents a model in which firms overin- 
vest because of managerial tendencies to build 
empires. As in our paper there is a business 
cycle variation in the degree of the corporate 
control friction. The mechanism that he empha- 
sizes is that governance is weaker during booms 
because investors find it optimal to give firms 
some more slack in these periods. 

In the next section we describe the economy 
and present the solution to a planning problem 
for the economy. Then we discuss decentraliza- 
tion and interpret the solution in terms of the 
pricing kernel. In Sections III and IV we present 
the asset pricing implications of our model. In 
Section V we discuss the investment implica- 
tions of our imperfect control model, contrast- 
ing these implications with that of a costly 
external finance model. The conclusion and Ap- 
pendix follow. 

I. The Model 

A. Preferences and Technology 

We consider an infinite horizon discrete time 
economy with a single consumption good. 
There is a unit measure of consumers with pref- 
erences at time t of 

o0 
(1) p S--'log Cs. 

S=t 

There is a constant returns to scale production 
technology available each period that converts 
one unit of consumption good at time t into z, + 
units of goods at time t + 1. zt + is a random 
variable that is distributed as follows: 

(2) log z,+, = log p,+I + e,, l 

where , 1 ~ -N(0, o) and is i.i.d. across t. 

pt ?1 is a state variable that represents the ex- 
pected productivity of investment. It is known 
at time t, i.e., when investment occurs. The 
productivity state variable evolves as follows: 

(3) log p,+ = log p, + v, 

where 

v, - 'N(0, 2of) 

i.i.d. across t and independent of e,. 

We introduce a free-cash-flow friction to arrive 
at asset pricing implications of the separation of 
ownership and control. Managers, not consum- 
ers, control corporate assets and, in particular, 
make investment decisions. The preferences of 
the manager are those of an empire-builder, in 
the spirit of Jensen (1986). That is, the manager 
prefers to invest all available corporate re- 
sources to maximize firm size. Shareholders 
have only one lever to control this investment. 
When they invest in the firm at time t, they 
simultaneously choose a number of "auditors" 
to hire for the upcoming period. Auditors have 
a technology to observe goods as they are pro- 
duced and then to ring fence these produced 
goods so they do not fall under the control of the 
empire-building manager. However, each audi- 
tor can be responsible for a maximum of only 
one unit of the good. Moreover, hiring an audi- 
tor is costly, as auditors consume a fraction 1 - 
y of the goods they seize. 

Hiring more auditors means that, in expecta- 
tion, investors will receive higher payouts next 
period. In effect, investors choose the auditors 
depending on how large a payout they would 
like next period. For this reason, we refer to the 
hiring of auditors as the payout policy. 

At date t - 1 the investors hand over some 
resources to the manager. The manager adds 
this to retained earnings from past production 
and, given his empire-building tendencies, in- 
vests all of it in production (amounting to I,_ 1). 
Simultaneously, the investors hire djt,_, audi- 
tors for the next period. 

At t, production returns ztt- 1. If zt, d,, all 
of the auditors are occupied in observing and 
seizing output goods. Thus investors are re- 
turned yd, goods per unit. The firm retains earn- 
ings of E, = (z, - d,)It, _ . If zt < d,, only zt_- 1 
auditors are occupied, and investors are re- 
turned yz, goods, while the firm retains no 
earnings. 

On the one hand, if investors chose to set dt to 
infinity, Et will be zero, investors will receive 
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yzt-, _1, and thus investors will have full control 
of corporate investment for period t. On the 
other hand, the investors will be spending too 
many resources on auditing. Suppose that inves- 
tors were planning to infuse some resources 
into the firm in period t to fund new invest- 
ment. In this case, investors would be better 
off choosing a smaller dt (in period t - 1) so 
that the firm had positive retained earnings to 
fund this new investment. Doing this avoids 
paying 1 - y to the auditors on the funds that, 
in any case, would have been returned to the 
firm to fund new investment. In this model- 
ing, 1 - y parameterizes the extent of the 
corporate control problem. 

Our strategy for characterizing asset prices is 
threefold: (a) in the next two subsections we 
determine (Ce, d,+ 1) as solutions to a planning 
problem; (b) then we briefly discuss how the 
planning solution may be decentralized; (c) fi- 
nally, the solution to the planning problem is 
used to derive a pricing kernel that will allow us 
to price the various assets of interest. 

We consider a planner who maximizes only 
the welfare of the consumer, while being con- 
strained to operate production under the friction 
of separation of ownership and control. The 
controls are (Ct, dt,, ) given state variables of 
past investment, It-1, expected productivity, p,, 
and production returns, z,. 

We use the following notation in the paper: 
capital letters such as It or Ct represent aggre- 
gate quantities; lower-case letters such as dt or 
c, are per unit of investment quantities. 

B. Discussion 

The model resembles CIR when we set y = 
1. In this case it is costless for investors to hire 
auditors, and as a result they have full control of 
the firm's investment policies. Relative to CIR, 
we have made a significant simplification by 
eliminating the correlation between vt and 8,. 
This removes some of the richness in their in- 
terest rate dynamics, but it helps focus purely on 
the cash-flow effects. 

Macroeconomics models of investment make 
the realistic assumption that capital depreciates 
only partially each period. On the other hand, in 
the CIR model capital depreciates fully each 
period. An alternative interpretation is that cap- 
ital does not depreciate, but can be costlessly 

transformed back into consumption goods. We 
also make this assumption. 

We adopt the perspective that the consumers 
(outside claimants) choose payout policy. In 
practice, managers do not just exercise their 
power by controlling investment. They also in- 
fluence the firms' capital structure and dividend 
policy in ways that may not be aligned with 
shareholders' interests. Furthermore, there are 
states of the world such as bankruptcy where the 
debtholders and other stakeholders influence 
payout policy. We abstract from these other 
effects in order to capture some of the richness 
of corporate finance, but in a model that devi- 
ates minimally from the neoclassical CIR 
model. While we consider that our auditing 
technology is an appropriate model, the choice 
of this formulation, rather than assuming debt 
with costly default or CSV, is driven by analyt- 
ical tractability in our setting. Assuming a fixed 
default cost on debt, or a constant recovery rate 
on defaulted assets, would cause discontinuities 
in our model that would rule out analytical 
solutions. 

There is a lag in the model between observing 
the realized free cash flow and choosing audi- 
tors to release free cash flow next period. That 
is, investors cannot deploy auditors to release 
immediately any free cash flow from firms. This 
is an important aspect of our model, as it creates 
a link between retained earnings based on past 
production and current investment. Thus i.i.d. 
shocks are transmitted from period to period. In 
practice, investors cannot observe the level of 
free cash flow and then choose leverage; lever- 
age is chosen in advance. More broadly, chang- 
ing institutions and mechanisms for corporate 
control takes time. Our auditing technology 
works similarly. Owen Lamont (2000) presents 
evidence that the correlation between invest- 
ment and cash flow is really a correlation be- 
tween unexpected investment and cash flow at a 
one-year horizon. Firms make investment plans 
one year ahead, and cash flow over this year 
correlates with a deviation between actual in- 
vestment and the investment plans. Similarly, 
we think of the time periods in our model in 
units of one year. 

C. The Planning Problem 

The planner chooses consumption and payout 
policy to solve 
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max Eo P'3log C, 
{C,,dt + l=0 L t=O 

where 

C, = max[zt - d,, O]It _1 "+ 
Wt - It. 

It is period t investment by the firm, and W, is 
the period t remunerations to consumers, 

W, = 
yIt-l (dtlz,,d, + Ztlz,<d,). 

We now move to a recursive representation 
of this problem. Given C,, period t investment 
by the firm is 

(4) It = max[z, - d,, 0]I, 
1_ 

+ Wt,- C,. 

For future reference we define retained earnings 
per unit of capital as 

(5) e, = max[z, - d,, 0]. 

Thus it should be clear that investment at date t 
is just retained earnings from last period plus 
new injections of funds from investors. Substi- 
tuting the expression for Wt into the investment 
equation (4) gives 

I, = z,I,_, - (1 - y)min[z,, dt]It,_ - C,. 

Investment this period is equal to resources 
produced from last period's investment minus 
audit costs, minus consumption. 

The investment equation can be written more 
concisely as 

(6) It = It-IYt- C, 

where 

(7) y, = zt - (1 - y)min[z,, d,] 

is a "transformed" version of actual production 
returns, z,. It is the actual production returns minus 
a term representing the audit costs associated with 
the payout policy. Equivalently, it is the return 
from the point of view of the consumer. 

Our assumptions on the auditing technology 
impose the following key friction: investors can 

make positive infusions only to increase re- 
sources available for investment. This is equiv- 
alent to saying that 

(8) C, <- Wt = y min[z,, d,]It,_1. 

Note that the only case in which this constraint 
will bind is when z, > d, and there is too much 
retained earnings in the firm so that the investor 
would ideally like to have some of this back in 
terms of consumption. 

During period t investors choose how 
much to consume and the payout policy for 
period t + 1. The consumption decision, 
along with past investment decisions and de- 
cisions over payout policy, leads to a new 
level of capital at the end of period t (see 
equation [6]). Investors make these decisions 
knowing t +1 (expected productivity from t 
to t + 1). Let J(I,, pt+ ) be the expected 
value of I, units of capital at the start of date 
t + 1, given Pt+1. 

The recursive representation of our problem 
is 

(9) 
J(It- 

1, pt) 

=E,_, max {u(C,) + 
pJ(It, pt+1)}IPt] Ct,dt + I 

given the investment accumulation equation (6) 
and subject to the constraint (8). 

PROPOSITION 1: The solution to the prob- 
lem, (9), is as follows. Investment and new 
capital are: 

(10) I, = I,_,- I (y, - min[(1 - P) y,, yOp,]). 

Consumption is: 

(11) C, = It_ ,min[(1 - B)y,, 
TOpt] 

and total required payouts are: 

(12) 
It_-dr 

= 
It-lOpt 

where 0 is a constant, and Yt is defined in (7). 

PROOF: 
See Appendix. 
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FIGURE 1. OVERINVESTMENT AND OPTIMAL-INVESTMENT 
REGIONS 

Notes: Consumption per unit of (past) investment is graphed 
against z,. Also pictured is y,. The region to the left of point 
B is the optimal-investment region. The region to the right 
of point B is the overinvestment region. 

Figure 1 graphs consumption per unit of 
(past) investment as well as Yt as a function of z,. 
Notice that there are three segments in the 
graph. The first region (to the left of A) is where 
z, falls below dt. In this case investors extract 

y-,l z, from the firm and consume a fiaction 
1 - p of this amount. The second region (be- 
tween A and B) is where returns exceed re- 
quired payouts; however, as retained earnings 
a4e small, investors choose to infuse some re- 
sources into the firm. The final region (to the 
right of B) is where retained earnings are high 
enough so that investors would ideally like to 
extract some more resources from the firm but 
are unable to given the free cash flow friction. 
In this case investors simply consume their pay- 
outs of yIt- ,_d,. 

Aggregate consumption (per unit of I,_ ) re- 
sembles a put-option on the date-t output of y,. 
It is linear in Yt up to a point and then is flat. 
Investment is the difference between the date-t 
output and consumption. It is also linear in Yt 
but then turns sharply steeper at the point where 
consumption flattens out. 

We refer to the region to the right of point B 
as the overinvestment region and the region to 
the left of point B as the optimal-investment 
region. In the former region, relative to consum- 
ers' preferred choices, firms are overinvesting 
because of the manager's empire-building pref- 

erences. In the latter region, consumers control 
investment and investment is optimal. 

LEMMA 1 (CIR Case): When y = 1, the 
economy collapses to the CIR model. Invest- 
ment and consumption are as follows: 

(13) It = It - 
lZt, 

(14) Ct- 
It-Z0(1 

- r). 
PROOF: 

When y = 1, there is no cost of increasing 0, 
and thus claimholders may as well set 0 

--> 
oo 

Then y, = z, and from the equations of Propo- 
sition 1, C, = I,_tz,(l - 3), while I, = I,-_ 

lzft. 

II. Aggregate Quantities and Pricing Kernel 

A. Investment and Consumption 

Investment in our model is a function of 
current corporate cash flow as well as last 
period's investment. The correlation between 
investment and cash flow is fairly well docu- 
mented and is a natural prediction of models 
with financial frictions. The cash-flow shock 
lasts only one period in our model because, 
upon the realization of unusually high cash flow 
at date t, investors simply increase the payout 
policy for period t + 1 (see equation [12]). It 
may be interesting to study a model in which the 
intervention technology had more lags, as this 
will lead to richer dynamics of shocks. 

Macroeconomic models with financial fric- 
tions such as Bernanke and Gertler (1989) and 
Kiyotaki and Moore (1997) also predict these 
sorts of effects for aggregate investment. One 
important difference between our model and the 
existing literature is that our effects arise from 
free-cash-flow problems as opposed to costly 
external finance. In the corporate finance liter- 
ature, both types of frictions have received 
equal attention. Our paper is one of the first to 
point out the implications of free-cash-flow 
problems for aggregate quantities (see, also, 
Philippon, 2003). 

In the costly external finance model, frictions 
get worse during downturns. In the free-cash- 
flow model, frictions get worse during booms (al- 
though the effect of overinvestment during booms 
is perhaps most apparent during downturns). 
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Our model predicts that investment is more 
responsive to cash flow during booms as op- 
posed to downturns. In fact, comparing equa- 
tion (10) to equation (13) we see that the main 
kick in our model is on the positive shocks. 
Investment in our model is a convex function of 
shocks. Casually, our model seems to fit stories 
regarding accelerating liquidity and investment 
during booms. 

These effects can be empirically tested and 
distinguished. However, we think of our model 
as a complement rather than a substitute to the 
costly external finance models. They probably 
work in different types of firms. In the corporate 
finance literature, free-cash-flow problems have 
been associated primarily with large firms, 
while costly external finance problems have 
been associated with smaller firms. Thus these 
two types of models have different implications 
for which types of firms propagate aggregate 
shocks. We return to this discussion in Sec- 
tion V where we discuss the empirical literature 
on investment and financial constraints. 

The convexity of investment as a function of 
shocks also implies that consumption is a con- 
cave function of shocks (see Figure 1). It is easy 
to show that this implies that consumption is 
a concave function of measures of wealth/ 
liquidity. Since Keynes, the concavity of the 
consumption function has been viewed as a 
desirable property of models. In the consump- 
tion literature, models with precautionary sav- 
ings motives have been shown to generate the 
concave consumption function (e.g., see Pierre 
Olivier Gourinchas and Jonathan Parker, 2002). 
Our model does so because of the free-cash- 
flow problem. 

B. Decentralization and the Pricing Kernel 

One possible decentralization of the planning 
solution of the previous section is as follows. At 
date t, all claimholders of the firm have a meet- 
ing in which they decide on resources to inject 
into the firm for that period and on the payout 
policy/number of auditors to hire for the follow- 
ing period. Since the claimholders are identical, 
the policy will be approved unanimously. The 
manager then invests the firm's retained earn- 
ings plus any additional resources infused by 
the claimholders. Consumers are then free to 
trade a full set of contingent claims against all 
possible realizations of output. Between t and 

t + 1, auditors observe and seize the designated 
amount of output goods and then return them to 
claimholders. Finally, any contingent claims 
that are bought or sold between consumers are 
settled, and consumption takes place. 

Since consumers can trade a full set of con- 
tingent claims against all output realizations 
(and consumers do not face any commitment 
problems or other financial frictions), the pric- 
ing kernel can be defined in terms of the mar- 
ginal rate of substitution of the representative 
consumer, 

pu'(C,+ l) (15) mt+1 = u' (Ct) 

It, min[(1 - 3)y,, yOp,] 
S3 I, min[(l - P)y,+l, yOpt+il] 

Note that although we have modeled more ex- 
plicitly the production side of the economy, the 
model's implications for asset prices still derive 
from the marginal rate of substitution of the 
representative consumer. In the equilibrium as- 
set pricing literature, measured aggregate con- 
sumption is used as a proxy for C,, and the 
smoothness of aggregate consumption poses a 
problem for reconciling asset returns. Likewise, 
our model's implications for C,, proxied for by 
measured aggregate consumption, are likely to 
be rejected by the data. 

It is well understood, however, that the fail- 
ures of the standard consumption-based asset 
pricing model could be driven by the difficulty 
of identifying the marginal investor in asset 
markets and measuring his marginal rate of 
substitution. Aggregate consumption is not a 
valid proxy when there is limited market par- 
ticipation. One approach to this problem is to 
measure the consumption of a smaller sample of 
stockholders (see Gregory Mankiw and Stephen 
Zeldes, 1991; Annette Vissing-Jorgensen, 2002). 
While some progress has been made via this 
approach, the difficulty of measurement in con- 
sumer data makes the estimates very noisy (see 
Vissing-Jorgensen, 2002, for a discussion of 
these points). 

We view our methodology as complementary 
to the limited-market participation literature. An 
alternative way to arrive at stockholder con- 
sumption is to write an economic model of the 
production side of the economy and infer the 
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transfers from the productive sector to these 
stockholders. The implications of these trans- 
fers can be inferred from their effects on asset 
prices, without explicitly identifying the rele- 
vant consumption flows. Granted, the inference 
is gained only through the economic model. 
However, for empirical work, data from the 
production side may be better and offer a sub- 
stantive alternative to the consumption-based 
models. We think this advantage is sufficient to 
warrant further investigation. Thus, we view the 
C, in the pricing kernel of equation (15) as 
corresponding to the consumption of partici- 
pants in the asset market, as opposed to mea- 
sured aggregate consumption. 

III. Term Structure 

We begin our characterization of asset prices 
by computing the riskless short-term interest 
rate, and then move on to describe the entire 
riskless yield curve. Our main interest is in 
describing the cyclical behavior of interest rates 
and term spreads and their correlation with ag- 
gregate investment and free cash flow. 

A. Short Rate 

It is helpful to define 

(16) Pt = min((1 - 3) yt ) 

and rewrite the pricing kernel as 

It-lI ptt 
(17) m+ l 

=+lt+l 

Interest rates are:5 

1 + - Ert- t t I t It LPt+ 1 t+ 1/ 

PROPOSITION 2 (Short Rate): There are two 
regimes depending on the relative magnitudes 
of yt(I - (3) and ptyO. In the case where 

yt(1 - f3) < ptrO - that is the optimal-invest- 
ment region - the short rate is: 

(18) log(1 + r,) 

= log pt+, - log(1 - P) - log E[ 1-'] 

In the case where y,(l - 0) 
>- 

p,yO- the 
overinvestment region - the short rate is: 

e, 

(19) log(1 + r,) = log Pt+i + log Oypt 
- log (3 - log E[4 -']. 

PROOF: 
See Appendix. 

A little algebra verifies that interest rates co- 
incide at the boundary between these two re- 
gions. The short rate has a simple expression 
then: it is only a function of e, (realized retained 
earnings from [5]) and p,t, (a proxy for ex- 
pected production returns). If earnings are un- 
expectedly high, interest rates are high; if not, 
they are just proportional to p,t 1, the expected 
production returns for the next period. 

Note that qi in the interest rate expression in Prop- 
osition 2 is a function of y. If we take the limiting 
case of y = 1, then we arrive at the CIR model: 

LEMMA 2 (CIR Short Rate): The short rate 
in the case where y = 1 coincides with the CIR 
short rate: 

a 
.2 (20) log(1 + r,) = log Pt+I 2 

- 

PROOF: 
When y = 1, 0 -> oo. Thus, Yt = z, and t = 

(1 - P)(z/pt). From Proposition 2, if 0 is large, 
the short rate expression for the region to the 
left of point B (see [18]) applies: 

log(1 + r,) 

= log pt+ - log(1 - 0) - log E[jt-1] 

Pt 
= log pt+1 

- 

logE_ 
-Zt 

= log Pt+1 - log E[et] 

log Pt + 1 2 5 Note that 
qt 

is i.i.d. across time. See Lemma 4 in the 
Appendix. 
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FIGURE 2. PRODUCTIVITY SHOCKS IN CIR 

Notes: The figure illustrates the effect of productivity 
shocks in the CIR model using a static loanable funds 
diagram. On the horizontal axis is investment or loans. On 
the vertical axis is the interest rate. Consumers' supply of 
loanable funds is upward-sloping in the interest rate. The 
demand for funds is perfectly elastic at a level determined 
by the expected productivity of investment (p, + 1). A shock 
to pt +1 shifts up both the demand and supply curves moving 
equilibrium from point A to point B. In the log investor 
case, the shift is of the same amount so that investment 
remains unchanged but the interest rate rises by the amount 
of the shock. 

Comparison of the interest rate expressions in 
Proposition 2 and Lemma 2 reveals precisely 
the difference between our model and CIR. 
First, in the optimal-investment region, the ex- 
pressions for interest rates are similar. Expected 
productivity drives all stochastic variation in the 
interest rate. The only difference is that the 
value of E[4- ] is higher in the free-cash-flow 
model, which means the average level of inter- 
est rates is slightly lower. In the overinvestment 
region, shocks to both productivity and retained 
earnings drive interest rates. 

We can illustrate these economic effects us- 
ing a static loanable funds model. Consider first 
Figure 2, which represents the CIR model. On 
the horizontal axis is investment or loans. On 
the vertical axis is the interest rate. Consumers' 
supply of loanable funds is upward-sloping in 
the interest rate. The demand for funds is per- 
fectly elastic at a level determined by the ex- 
pected productivity of investment (Pt+ 1). A 
shock to pt+I shifts up both the demand and 
supply curves. In the log case, the shift is of the 
same amount so that investment remains un- 

changed (see Proposition 1), but the interest rate 
rises by the amount of the shock. 

Figure 3 illustrates the effects of shocks to 
both productivity and retained earnings in the 
free-cash-flow model. The left-hand panel illus- 
trates shocks within the optimal-investment re- 
gion. Note that the demand for funds is 
L-shaped. Firms will always invest their re- 
tained earnings, regardless of the interest rate. 
This sets a minimum amount of investment. At 
low interest rates, we are back in the CIR case: 
firms find that their productivity is high relative 
to the interest rate, and as such their investment 
demand is perfectly elastic. The L-shaped de- 
mand curve is the CIR case with a minimum 
investment level equal to retained earnings. 

A shock to expected productivity moves both 
supply and demand curves up and shifts equi- 
librium from point A to point B. The net effect 
on the interest rate is the same as in the CIR 
case (Figure 2). There is also a shock to retained 
earnings. But it has no effect on the equilibrium 
in this region. 

The right-hand panel illustrates the effect of 
these shocks when the retained earnings shock 
is large enough to take the economy into the 
overinvestment region. At the margin, manag- 
ers invest all of their retained earnings. Thus 
interest rates rise not only because of the rise 
in expected productivity, but also to induce 
investors to accept the higher required sav- 
ings level. 

Plausibly, at business cycle frequencies, 
shocks to earnings are much larger than shocks 
to expected productivity. An asset pricing 
model such as CIR links all cyclical variation in 
interest rates just to variation in Pt+ 1, as can be 
seen in the diagram. In the over-investment 
region of the free-cash-flow model, however, 
large shocks to retained earnings have large 
effects on interest rates. Thus a success of the 
free-cash-flow model is that it links cyclical 
variation in retained earnings to the short rate: 
when retained earnings are high, as in a cyclical 
peak, the short rate is also high; when retained 
earnings are low, the short rate is low. 

The CIR model reconciles the data by posit- 
ing a correlation structure in the underlying 
productivity shocks. For example, p, is typically 
a mean-reverting process in CIR. Of course, this 
is just by assumption. Our model isolates how 
otherwise i.i.d. shocks, when combined with the 
free-cash-flow friction, result in a mean revert- 
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Within optimal-investment region Into overinvestment region 

It it 
FIGURE 3. SIMULTANEOUS SHOCKS TO EARNINGS AND PRODUCTIVITY 

Notes: The figure illustrates the effects of shocks to both productivity and retained earnings 
in the free-cash-flow model. The left-hand panel illustrates shocks within the optimal- 
investment region. The demand for funds is L-shaped. Firms always invest their retained 
earnings, regardless of the interest rate. The L-shaped demand curve is the CIR case with a 
minimum investment level equal to retained earnings. On the left-hand panel, the shocks 
moves both supply and demand curves up and shift equilibrium from point A to point B. The 
net effect on the interest rate is the same as in the CIR case. The right-hand panel illustrates 
the effect of these shocks when the retained earnings shock is large enough to take the 
economy into the overinvestment region. At the margin, managers invest all of their retained 
earnings. Interest rates rise not only because of the rise in expected productivity, but also to 
induce investors to accept the higher required savings level. 

ing interest rate process. We have focused on 
the i.i.d. case in order to make this point most 
olearly. 

Our mechanism of retained earnings and in- 
vestment demand as being the driving force for 
the procyclical interest rate is also in contrast to 
the standard consumption asset pricing model 
(e.g., the habit formation models of George 
Constantinides, 1990; Suresh Sundaresan, 1989; 
John Campbell and Cochrane, 1999). There, the 
procyclical interest rate is often rationalized as 
follows. Fixing equity investment opportunities, 
if investors receive a negative income shock 
(i.e., cyclical trough), they will have higher risk 
aversion; consequently the risk premium will be 
higher and the interest rate will be lower in the 
trough. 

If one introduces production opportunities 
into the consumption/endowment economies 
common in the asset pricing literature, then 
consumers will have a strong desire to smooth 
consumption via the production technology. 
Michele Boldrin et al. (2001) make this point in 

reference to habit formation preferences. If the 
production technology is modeled as in CIR, 
then the marginal rate of transformation will 
determine interest rates (as in CIR). We see our 
model as providing one avenue to introduce 
production into the standard endowment 
economies and break the strong link between 
the marginal rate of transformation and asset 
prices. 

B. Slope of the Yield Curve 

In order to study the slope of the yield curve, 
we now derive the expression for the T-period 
interest rate: 

(21) (1 + 
r,)T) 

= Et[ 
u I 

(C,) 
t+ 

LEMMA 3 (Long Rate): The T-period interest 
rate is: 
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(22) log(1 + r,,,) 

= -logo+ log 

E[(Y- 
)~1] _(P ) 

1 
(s= 

t+ 
I -log Et flps 

s= +1 

1 1 
log J, - - log Et[ it+'T]. T T 

PROOF: 
See Appendix. 

For 7 large the long-term interest rate from 
(22) is approximately 

log(1 + r,,,) -log + log E[(- 

- log Et 
1p=, 

: log pt + - logo 
sn~ 

+ log E(- P ). 

The last term is a constant that is linear in T7. 
Thus productivity is the primary determinant of 
long-term interest rates. This is the same as in 
the CIR model. The term E{ [(y/p) - q,]-1 } is 
also a constant, because (y/p,) - 

it 
is an i.i.d. 

random variable (see Lemma 4 in the 
Appendix). 

PROPOSITION 3 (Term Spread): The term 
spread measured as (long - short) is: If (1 - 
P) yt 

- 
pyO (optimal-investment region), 

term = log +log E - ) 
P - P 

-log E[T-'] 
- _ 

3 P 

If (1 - 
3)yt 

> Pty (over-investment 
region), 

e, 
+ 

- 

( O-pt-P 

T 
- log E[t-'] -1 

o'2 3 P- 

Since changes in p,t, have the same effect on 
both long and short rates, productivity changes 
have no effects on the term spread. In our free- 
cash-flow model, all movements in the term 
spread are driven by variation in retained 
earnings. 

The retained earnings effect on the short rate 
lasts only one period. As previously noted, this 
is because in the period following a big retained 
earnings innovation, investors will hire suffi- 
cient auditors to reduce the free-cash-flow prob- 
lem. Our intuition is that if the free-cash-flow 
problem took longer to resolve so that firms 
were overinvesting for several periods, there 
would be persistence beyond one period.6 

Another mechanism to arrive at persistence is 
to suppose that capital did not depreciate fully 
and was irreversible. There is a large investment 
literature which makes the case for this friction 
at the level of an individual firm (see Ricardo 
Caballero, 1999; Andrew Abel and Janice 
Eberly, 1996; Avinash Dixit and Robert Pin- 
dyck, 1994). We can imagine introducing this 
additional feature into our model. Initially, a 
high retained earnings shock leads firms to 
overinvest. If this leads to a persistently larger 
than optimal capital stock, the interest rate 
would have to remain high in order to induce 
investors to hold the larger capital stock. On the 
other hand, such persistence would also lead to 
zero net investment over a number of periods, 
which is clearly counterfactual. For this reason, 
the investment literature has been concerned 
only with micro-level irreversibility. 

It is also instructive to compare our effect to 
what would arise in a model with physical irre- 
versibility in capital investment, but without our 
free-cash-flow friction. This is interesting be- 
cause our overinvestment problem seems simi- 
lar to a model of physical irreversibility, but 
with the following difference. In our model, the 
free-cash-flow problem means that investors are 

6 For example, if the cost of auditing function is convex 
in the number of auditors hired, then investors will reduce 
the free cash flow over many periods, and there will be 
persistence. 
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unable to reduce firm investment below the high 
level chosen by the manager. With physical 
irreversibility, investors are unable to reduce 
investment below zero. 

Suppose that the CIR model was modified to 
have irreversible physical capital. In that model, 
the constraint will bind following a negative 
realization of output-as opposed to a positive 
realization of output, as in our free-cash-flow 
model. Agents would like to consume part of 
their physical capital, but cannot. In order to 
make them hold the physical capital, interest 
rates would have to rise. Thus high interest rates 
would coincide with low output realizations 
(troughs). This is counterfactual. 

IV. Risk Premia 

We consider the implications of our kernel 
for the pricing of risky securities. The distinc- 
tive feature of our model is that the free-cash- 
flow friction leaves consumers as "debt- 
holders" on the productive sector. This creates 
an asymmetry in the pricing kernel. We show 
that the asymmetry helps us to rationalize high 
corporate bond spreads, as well as mean rever- 
sion in stock returns and the volatility smirk of 
equity index options. 

To begin, we note that the debt and equity 
securities we price are derivative securities. We 
price zero-net-supply securities whose payoff is 
some function of y,. These securities can be 
interpreted as claims issued by one of the con- 
sumers with a payoff indexed to GDP at date t. 
Since the consumers have no commitment prob- 
lems or other financial frictions, the claims they 
issue can be valued using standard pricing ker- 
nel methods. 

Since the claims we price are in zero net 
supply, they do not correspond to the claim on 
the single "firm" in our economy. (This would 
be a claim whose payoff resembled a debt se- 
curity.) The primary reason we take our route is 
that the value of capital in our model is always 
one. In the optimal-investment region, since 
investors lend consumption goods to be trans- 
formed into capital using a constant-returns-to- 
scale technology, the price of capital is fixed at 
one. In the overinvestment region, this logic 
does fail. Since investor preferences are log, 
however, the income and substitution effects 
exactly cancel and again the price of capital is 
one. Thus, the claim on the firm will never show 

capital gains in our economy (although divi- 
dends will be state dependent). This is an un- 
appealing feature of the model, but is the price 
we pay for simplicity. We discuss the issue 
further in the conclusion. 

A. Corporate Bond Spreads 

Let us consider pricing a one-period deriva- 
tive security whose payoff is as follows: 

P + i = minl, Yt 

This is a corporate bond of one dollar of face on 
a company whose value next period is perfectly 
correlated with aggregate output. F is the de- 
fault point on the bond. Its price today is just 

Et[mt+,Pt+l]. 

We can likewise price a riskless bond giving a 
price of E,[m,, 1] = 1/(1 + rt). Define the spread 
between the corporate and riskless bonds as 

Et[mt+ lPt+,. ] 

E, [m, 
+l 

] 

Note that this is somewhat unusual in that we 
look at the ratio of two bond prices as opposed 
to the difference in the reciprocals of the two 
prices. While in the data these two measures of 
the spread will be almost identical, in our ana- 
lytical model this is the natural definition for 
analytical tractability. 

We can rewrite the spread in a standard 
single-beta representation as follows (see 
Cochrane, 2001): 

S, = Et[m,+, 1(1 - Pt +)]/E,[mt +1 ] 

= E[1 - 
P+ 1] 

cov[mt + 1,l 
- 

Pt, 

E[mt+ 1] 

= E,[1 - 
Pt+l] 

var[mt+ 1] 
P, ( ~ 

EEm t+11 
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where var[mt+ 1]/E[mt+ ] is the risk premium 
associated with holding the pricing kernel. 

The spread is compensation for both the 
chance of default and risk premium for the 
loading of corporate bond defaults on the pric- 
ing kernel. Thus, the 3 is the coefficient on a 
regression of the corporate bond payoff on the 
pricing kernel: 

P o(1 - P+1) r 
01-P,m 

--0 

- 

Pt+1 
CO) c mt+1, 

1 - Pt+1 ]. 

If agents were risk neutral so that the pricing 
kernel was linear, then St would be a pure 
default premium (i.e., 1 - E[Pt+ 1). Since both 
1 - P,,, and m,, 1 are decreasing functions of 
y, + 1, the correlation coefficient is positive. This 
means that the 3 is positive and the risk pre- 
mium component of the spread is also positive. 
We have chosen to focus on a corporate bond 
whose payoff is composed only of aggregate 
risk, because this maximizes the risk premium 
component of the spread. 

We are going to contrast this spread when 
bonds are valued under both the free-cash-flow 
pricing kernel and the CIR pricing kernel. The 
two pricing kernels are just 

It- 
Ptftt (23) CFmI PtP + 

and 

(24) IR It (1 - )y+ (2) + 
It (1 

- 
P)y,+ 1I 

m,, can also be obtained by setting 0 to infinity 
in mCF 

mt+1" At time t all of the variables with the excep- 
tion of Pt,+ 

1f+,1 
and yt I are known. Thus, the 

0-expression can be rewritten as 

o-(1 
- 

P,+l) (25) •1-P,m = 
o-(m+ 

1) (*(m +1) 

[ 1 

1 Xcor r 1- 
Pt+ ? LPt + 

lltt+1 
I 

Figure 4 graphs Pt+1 ~,t + 1 and Yt+1 along with 
1 - Pt + 1. Note that Pt+1 t + is equal to (1 - 

03)Yt+1 in the optimal investment region, and 
uniformly less in the overinvestment region. 

(I0- f3)y 

Yty+ 

FIGURE 4. CIR AND CF PRICING KERNELS 

Notes: The figure graphs Pt+ , 1+1 and (1 - 
P3)yt+1 

along 
with 1 - P+ 1 against yt+ 1. The CIR pricing kernel is 
proportional to (1 - P3)yt,+. The CF pricing kernel is 
proportional to Pt +,It + 1. 

More important, Pt,+ It+1 is more correlated 
with 1 - Pt+ 1 than is (1 - 3) y,,+ . This implies 
that the correlation term is higher under the 
free-cash-flow pricing kernel than the CIR 
kernel. 

From the figure we can also see that the 
volatility of the free-cash-flow kernel is lower 
than the CIR kernel. This implies that the 0 is 
higher under the free-cash-flow kernel than the 
CIR kernel. 

Whether this translates into a higher corpo- 
rate bond spread depends on what happens to 
the risk premium on the pricing kernel 
(var[mt+ 1]/E[mt+ 1]) across these two models. 
We have seen that o(mt, 1) and the interest rate 
are lower under the free-cash-flow kernel. This 
means that the risk premium is actually lower 
under the free-cash-flow kernel. Thus, the result 
on corporate bond spreads is ambiguous. 

We will discuss the risk premium on the 
kernel in more depth below. If we fix the risk 
premium across both the CIR and the free-cash- 
flow model, however, the P effect dominates. In 
a model where investors have log preferences, 
the return on the wealth portfolio (i.e., market 
return) is the reciprocal of the return on the 
pricing kernel (see, e.g., Cochrane, 2001). Thus 
the experiment of fixing the risk premium is 
close to, but not exactly the same as, fixing the 
equity risk premium in the model. 

PROPOSITION 4 (Corporate Spreads): Fix- 
ing the risk premium of the pricing kernel, the 
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corporate bond spread is higher in the free- 
cash-flow model than in the CIR model. 

Intuitively, investors in the free-cash-flow 
world face a friction that means they don't fully 
share the upside of good production returns. 
The friction leaves them looking like "debt- 
holders" on the aggregate economy. In this en- 
vironment, debt securities match their risk more 
closely and as a result investors demand a 
higher risk premium on these securities. 

The largest effect will occur for bonds whose 
default point (F) is at the start of the overinvest- 
ment region. Moreover, the effect will have an 
inverse-U shape. This is a testable implication 
of the model. It says that a regression of the 
realized returns on corporate bonds versus the 
stock market would show the highest 3's for 
bonds that default at the point where the yield 
curve changes from upward to downward sloping. 

Pierre Collin-Dufresne et al. (2001) find that 
firm-level variables have surprisingly little ex- 
planatory power for changes in corporate bond 
spreads. In contrast, macro variables, such as 
the return on the stock market, have much more 
explanatory power. Our previous result pro- 
vides one explanation for this finding. Strictly 
speaking, the result implies that only the stock 
market return should affect corporate bond 
spreads. Adding an idiosyncratic component to 

Pt+ will change that, however. More impor- 
tant, if we move away from log preferences, the 
pricing kernel will include both the stock mar- 
ket return and aggregate free cash flow. Thus 
free cash flow should also have explanatory 
power for changes in corporate bond spreads. 
This remains to be checked. 

B. Stock Returns: Mean Reversion, Volatility 
Smirk, and Skewness 

We now consider equity derivative securities 
whose payoff is linearly increasing in Yt+ 1. We 
divide the time between t and t + 1 into a series 
of infinitesimally small intervals. At each of these 
dates, agents can trade a full set of contingent 
claims against all output realizations at t + 1. We 
take the limit, so that trading occurs continuously 
between t and t + 1. Let s E [t, t + 1] index time. 
Between t and t + 1, the information flow con- 
cerning output realizations is described by a fil- 
tration generated by a standard Brownian motion 
process, which we denote as {Zs}. 

At each s, we consider pricing the security 
whose payoff at s = t + 1 is Ps = Yt+ 1. Notice 
that consumption does not take place until t + 
1. Thus we price this risky security using the 
riskless bond (i.e., the security that pays one at 
t + 1) as the numeraire. 

We have seen that the free-cash-flow pricing 
kernel is given by (23). At time t, the only 
uncertainty in the pricing kernel of 

m+l1 
is in 

yt + 1. For short, let us write this as 

m(s=t,,l 
= A max 1i] 

-Yt+ I 

where A and D are constants,7 and derive the 
price of the risky asset at time s, using the bond 
as numeraire, as 

Es[mt liYt,+ 
l ] 

P, 
[ms+ 

Es [mt. +l] 

Let P* = Es[y,+ 1] (i.e., the actuarially fair price 
of the risky asset). Then, 

/ coV, (m, i, Yt+ 1)\ (26) Ps= P*s 
1+ Em,+,i]P 

S( Es[m+, 
+ 

P*s 

= Psh(Ps, 
s). 

It should be clear that the value of h(-) is less 
than or equal to one, implying that the risky 
asset has a positive risk premium. 

PROPOSITION 5 (Risk Premium): h(P*, s) 
is monotonically increasing in 

Ps*. 
For high values 

of P*, since the pricing kernel is flat with respect 
to y,,t+, the value of 

h(.) 
approaches one. 

PROOF: 
Consider the derivative of 

h(.) 
with respect to 

Ps* 
ah 1 a cov,(m,+l, Y+,y) 
aP* Es[mt +, ]P* aP* 

Cov, (m, +1, y, + 1) E, [m,, 1]P* 
E,[mt+l ]P* lP* s s 

7More precisely, D = (yOpt+ ,)/(1 - ) and A = 

(pit-- lPtAt)](7ltOPt+ 1). 
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Referring back to Figure 4, we see that the covari- 
ance of mt + with Yt+ 1 is negative. Moreover, for 
high values of P* (more precisely, yt + 1), the co- 
variance is zero, while the covariance is most 
negative for low values. Thus, [a covs(mt+ 1, 
y,,t+ )/Ps* is positive, while covs(m+ 1, Yt+ 1) is 
negative. It is fairly straightforward to show that 

Es[mt+ 1]P* is increasing in pS.8 

The result implies that good news about cash 
flows (Ps) raises P more than P~, while bad 
news about cash flows causes PS to fall more 
than 

PS. 
It also implies that there is mean rever- 

sion in stock returns. News that pushes down 
the stock price will lead to a higher conditional 
stock return, so that the negative return will be 
followed by a positive return. 

It is worth pointing out that in the CIR model 
with log investors, there would be no mean 
reversion. This is because 

h(.) 
will be constant, 

and not a function of P*. The result is due to the 
free-cash-flow friction we have assumed. 

The result that stock prices are more sensitive 
to news can also be stated in terms of volatili- 
ties. Both Ps and P* can be written as diffusions 
in Zs((dP}Ps) = gsdt + o-sdZs, and similarly for 
Ps. If we apply Ito's Lemma to equation (26) 
and retain only the dZ, terms, we arrive at 

(27) o~,dZ = 1 + 
h(P, s) o dZ. 

8 Since P* = E[y,+ 1], we can write 

y, + = P*x 

where x is a random variable that is positive, has mean of 
one, and is independent of the information filtration at time 
s. Denote its distribution function as G(x). Then, 

E, [mt + ]PT aE,[m,+1] 
ap* = E,[ m,, ,] + P* 

= A max D*x ,l dG(x) 

a DIPS [ D Ip A max , I'dG(x) 
PPx P jFx 

= A 1 -G( > 0 
s PS? / 

which verifies that E,[m,+ ,]Pt is increasing in 
PS. 

a, and oa are the volatilities of 
Ps 

and P*, 
respectively. 

The term 1 + [Py/h(P*, s)(Gh/&Ps] represents 
the fraction of the volatility of the asset price 
that is due to the pricing kernel. That is, if m,+ 1 
is constant, then 

h(.) 
will also be a constant 

(equal to one). This will mean that o = o-, so 
that the volatility of the asset price is due solely 
to changes in the conditional expectation of its 
payoff (Yt+ 1)- 

Since we have shown then that (OhlaP) is 
positive, it is straightforward that ao > o'*. 

More 
interesting, since for high values of P,* we have 
that h() is constant, it follows that o equals ofs for high values of P*. This tells us that (subject 
to a caveat) volatility is higher when the stock 
price is low than when it is high.9 

Out-of-the-money equity index put-options 
command higher implied volatilities than out- 
of-the-money call options (the "volatility 
smirk"). That is, the volatilities implied by the 
Black-Scholes-Merton option pricing model 
vary across different strike prices, for the same 
underlying asset. This pattern has been widely 
documented in the literature. For example, see 
Bruno Dupire (1994) and Jens C. Jackwerth and 
Mark Rubinstein (1996). David Bates (1996) 
provides a survey. 

Our results provide an economic explanation 
for the smirk. Referring back to Figure 4, we see 
that the Arrow-Debreu prices are high for low 
values of y,+ 1, while they are equal to proba- 
bilities for high values of Yt+ 1. Alternatively, 
given investors' debt-like claim on aggregate 
returns, they bear downside risk without sharing 
in upside risk. This implies that they have 
higher demand for put-options than call options. 
Thus it is immediate that out-of-the-money puts 
will have higher implied volatilities than out-of- 
the-money calls. 

V. Investment and Free Cash Flow: Discussion 

The macroeconomics literature on financial 
frictions has for the most part focused on costly 

9 The caveat is as follows. In the CIR model with log 
preferences, o-a is equal to ofs. As P* approaches zero, our 
free-cash-flow model approaches the CIR model. Thus the 
volatility relation is non-monotonic. However, this non- 
monotonicity is due to the log preference assumption. In a 
range where the free-cash-flow friction is the dominant 
concern, volatility will be decreasing in PD*. 
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external finance problems with firms (see Ber- 
nanke et al., 1999, for their canonical financial- 
accelerator model, as well as a review of the 
literature). In this literature, firms are modeled 
as entrepreneurial firms with no outside equity. 
More broadly, one can interpret this modeling 
as referring to small and medium-sized firms for 
which it is difficult or costly to access equity 
markets. The friction in these models implies 
that when a firm is financially constrained, its 
investment is driven by internally generated 
cash flow. Hence, a success of this model is that 
it generates the correlation between cash flow 
and investment that is a regularity of the invest- 
ment data (see, for example, Robert Chirinko, 
1993; Caballero, 1999; or Stephen Fazzari et al., 
1988). 

But, there are several problems with this fric- 
tion being the only determinant of the correla- 
tion between investment and cash flow. The 
costly external finance model's direct implica- 
tion is that the correlation between investment 
and cash-flow should occur only for financially 
constrained firms. In aggregate data this means 
that the correlation should be higher in reces- 
sions than in booms. But while changes in the 
real value of aggregate investment and aggre- 
gate cash flow are highly correlated, there is no 
strong asymmetry in their relation over the busi- 
ness cycle. The correlation between nonresiden- 
tial business fixed investment and the net cash 
flow of the corporate sector1o over the period 
1959Q1 to 2001Q4 is 0.48. Using the NBER's 
business cycle dates for peaks and troughs, the 
correlation during peak-to-trough contractions 
is 0.23, while during trough-to-peak expansions 
it is 0.41. 

One reconciliation of this evidence is that 
during booms the type of free-cash-flow fric- 
tions we have emphasized are dominant, while 
during recessions, the costly external finance 
frictions are dominant. Thus, our model pro- 

vides a more complete picture of the relation- 
ship between cash flow and investment. 

In an important paper, Kaplan and Zingales 
(2000) provide evidence on investment/ 
cash-flow correlations that is hard to reconcile 
with the costly external finance model. 
Kaplan and Zingales study a subset of the 
firms from the well-known Fazzari et al. 
(1988) paper and find that the firms that ex- 
hibit the highest investment/cash-flow sensi- 
tivity are actually firms that appear to be 
financially unconstrained.11'12 The Kaplan 
and Zingales sample covers large publicly 
traded firms, which are required by the Secu- 
rities and Exchange Commission (SEC) to 
provide annual reports that include manage- 
ment's discussion of the liquidity and capital 
resource needs of firms. They reach their con- 
clusion in large part by studying these reports 
to determine whether firms have difficulty 
financing their investments and whether firms 
could invest appreciably more if their manag- 
ers had so chosen. Since the relevant firms 
have no liquidity problems, their empirical 
result is hard to reconcile with the costly 
external finance model. Instead, the result 
may find a ready explanation in our model: 

0o We use quarterly measures of aggregate cash flow and 
investment from the Bureau of Economic Analysis, Na- 
tional Income and Product Accounts (NIPA). The invest- 
ment series we use is for nonresidential fixed investment. 
We do not consider broader measures of investment, which 
would include consumer durables such as residential hous- 
ing, in order to focus on the business investment which is 
subject to corporate control problems. The cash-flow mea- 
sure is the net cash flow of the corporate sector as reported 
in the NIPA Table 1.14, and corresponds to the measure of 
cash flow commonly used in the investment literature. 

11 Fazzari et al. (1988) provide evidence in favor of the 
costly external finance model by showing that low- 
dividend-paying firms exhibit a higher investment/cash- 
flow sensitivity than high-dividend-paying firms. They 
argue that low-dividend payouts indicate that a firm is 
financially constrained. 

12 The literature on the cash-flow sensitivity of invest- 
ment is large. The main question the empirical literature has 
tried to answer is whether the correlation is because cash 
flow proxies for investment opportunities, or if it is due to 
managerial agency problems. Blanchard et al. (1994) em- 
pirically examine 11 firms that received a windfall of cash 
(which does not change its investment opportunity set) to 
see whether they return the money to shareholders. "The 
evidence supports the agency model of managerial behav- 
ior, in which managers try to ensure the long-run survival 
and independence of the firms with themselves at the helm." 
The original Fazzari et al. (1988) paper was not derived 
from any model; it was somewhat informal in its approach. 
More recent studies use more formal Euler-condition ap- 
proaches, in which there is an explicit allowance for the 
possibility of a binding finance constraint (Gilchrist and 
Himmelberg, 1998). While each of the studies just noted 
reaches the conclusion that the investment/cash-flow rela- 
tion is due to agency problems, there are papers that argue 
that the relation is spurious. Stephen Bond and Jason Cum- 
mins (2000) argue that using a better proxy for changes in 
investment opportunities based on analyst growth forecasts 
eliminates the relation between cash flow and investment. 
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the firms in question may well have ample 
liquidity and significant corporate governance 
problems. 

Our model is best interpreted as applying to 
large firms that do not face costly external fi- 
nance frictions, but may have corporate control 
problems. As our model applies to large firms, 
the frictions we identify plausibly affect a sub- 
stantial portion of the investment undertaken in 
the United States. The largest 100 firms in Com- 
pustat account for 46 percent of the total capital 
expenditures in the Compustat sample, on aver- 
age from 1973 to 2002. The total capital expen- 
ditures in Compustat account for about one-half 
of nonresidential fixed investment in the United 
States. Instead of the largest 100 firms, if one 
uses the largest 500 firms, the corresponding 
fraction is on average 88 percent of the total 
capital expenditures in the Compustat sample. 

There is also evidence that the investment 
behavior of large firms over the business cycle 
accords with our model of imperfect corporate 
control. Our model suggests that firms with 
corporate governance problems overinvest dur- 
ing booms when they have ample cash flow. We 
study the investment behavior of large firms 
using Compustat data. In each year we take all 
firms with valid Capex data in Compustat and 
sort them by book value of assets. The firms 
with the 100 highest book assets are considered 
"large" firms. We then compute the correlation 
between capex-to-total assets and cash-to-total 
assets for a particular firm-year, and average 
these correlations across the firms for that year 
to arrive at an average investment/cash-flow 
sensitivity for large firms. The resulting time 
series is procyclical. The correlation between 
the cyclical component of the large firms' in- 
vestment/cash-flow sensitivities and GDP, ex- 
tracted using a Hodrick-Prescott filter, is 0.25. 

The imperfect control hypothesis suggests 
that firms with poor corporate governance will 
spend their free cash on investments, and that 
there is more free cash in booms. Gompers et al. 
(2003) develop an index of firm-level corporate 
control problems that can distinguish between 
firms with poor governance and those with bet- 
ter governance (i.e., variation in _y).'3 Gompers 

et al. note that the firms with weaker share- 
holder rights tend to be large S&P firms. They 
also show that, other things equal, poor-gover- 
nance firms have higher Capex than do good- 
governance firms. This last finding of Gompers 
et al. is consistent with the imperfect control 
model, but the model has a more specific pre- 
diction concerning the relative performance of 
poor- and good-governance firms over the busi- 
ness cycle. Philippon (2003) examines this is- 
sue, using the Gompers et al. sample. He shows 
that the capital expenditures of firms with poor 
governance are more cyclical than those of 
firms with good governance. This result is also 
true controlling for initial leverage, as well as 
industry and age of the firm. Philippon's finding 
is supportive of our model of imperfect corpo- 
rate control. 

VI. Conclusion 

We have studied the effect of imperfect cor- 
porate control on asset pricing and investment 
in a tractable dynamic equilibrium model. In 
our model, outside investors have limited con- 
trol over managers, and therefore control payout 
policy only imperfectly. This imperfection al- 
lows managers to use their discretion over free 
cash flow. They always invest as much as they 
can, consistent with the observation that firms 
with more cash invest more. Despite the sim- 
plicity of the preferences, the results are encour- 
aging. We are able to match some stylized facts 
concerning the term structure of interest rates, 
as well the behavior of risk premia. We are also 
able to match basic macroeconomic facts re- 
garding investment. 

For macroeconomics, our results illustrate a 
novel channel through which financial frictions 
affects the economy. The literature on financial 
frictions has for the most part focused on the 
friction of costly external finance (see for ex- 
ample, Bernanke and Gertler, 1989; Kiyotaki 
and Moore, 1997), as opposed to the free-cash- 
flow friction we study. It is interesting that the 
free-cash-flow model also generates amplifica- 
tion and persistence of macroeconomic shocks. 
However, the propagation mechanisms differ 
across these two types of frictions. In our 

13 They use data from the Investor Responsibility Re- 
search Center (IRRC) to construct an index based on the 24 
corporate governance measures surveyed by the IRRC; they 

add one for every provision that reduces shareholder rights, 
so that a lower value corresponds to better governance. 
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model, shocks are propagated through large 
firms (as opposed to small firms) and during 
booms (as opposed to downturns). We have also 
provided evidence that is consistent with the 
large-firm propagation mechanism. 

For asset pricing, our results show that the 
introduction of corporate finance frictions may 
be fruitful. Although there are alternative exist- 
ing explanations for all of the asset pricing facts 
we replicate, it is encouraging that the single 
free-cash-flow friction has explanatory power 
for a number of phenomena. 

While our goal was to produce a tractable 
model, the simplicity of the model does lead to 
some clear failings. As we have mentioned, the 
price of capital in our model is always one. On 
the one hand, we know exactly why this occurs 
in our model. In the CIR model, the price of 
capital is also fixed at one, and ours is a depar- 
ture from the CIR model. On the other hand, 
this means we are unable to address the equity 
premium puzzle. Moreover, conditional on vari- 
ables at time t, the Lars Peter Hansen and Ravi 
Jagannathan (1990) bound computed from our 
pricing kernel is tighter in the free-cash-flow 
model than in the CIR model. That is, o-(m)/ 
E(m) is lower under the free-cash-flow kernel. 
This means that the conditional market risk 
premium is lower in our model and is certainly 
a failure of the model. It seems clear that to 
address the equity premium we will have to 
depart from log preferences, perhaps to a suc- 
cessful specification such as habit formation. 

Our model differs from the endowment econ- 
omies that are common in the asset pricing 
literature in that we have explicitly modeled the 
production side. In a sense, we have tied our 
hands by modeling both sides of the economy. 
In a frictionless world, asset prices must also 
match producers' marginal rate of transfor- 
mation. Boldrin et al. (2001) show that adding 
a production sector to a model with habit- 
formation preferences can reduce risk premia 
dramatically because investors have strong in- 
centives to use the production side to smooth 
consumption. A contribution of our paper is to 
show how corporate finance imperfections may 
prevent this consumption smoothing. 

Finally, there is a great deal of evidence on 
how variables from the production side of the 
economy help to explain both the cross section 
and time series of asset returns. Such variables 
as size or book-to-market may have something 

to do with corporate finance imperfections. 
Without an explicit model linking corporate fi- 
nancing imperfections with asset prices, how- 
ever, it has not been possible to say how. We 
hope our model is a step toward addressing 
these issues. 

APPENDIX 

PROOF OF PROPOSITION 1 AND 
LEMMA 4: 

Our solution approach is to guess the value 
function, then use the guess to arrive at expres- 
sions for the optimal controls 

(Ct, 
d+ 1), and 

finally to substitute these controls back into the 
Bellman equation to verify the guess. Since 
preferences are log, we make the following 
guess for the value function: 

J(I, p) = A log I + B(p). 

Let us also make the guess that C, = 

It 
- min[ty y, ydj], where c, depends only on 

t. Thus, 

I,= It-_ (yt - min[cty, ydt]) 

and 

(28) u(Ct) + PJ(I,, +p, ) = log It-_ 

+ log min[c^,y, yd,] 

+ 3A log It-1 

+ 3A log(y, - 
min[tyt, 

yd,]) 

+ 3B(pt+1). 

Since 

(29) A log 
I,_1 

+ B(p,) = J(I_1, pt) 

= Et_. l[u(Ct) + P3J(It, Pt+,)l,] 

we can collect the terms on log I,_ and 
match coefficients to find that A = (1/1 - P). 

Dropping the terms in (28) that do not contain 
8,, we can then maximize pointwise for each y, 
to find a solution for consumption. In the range 
where ydt > ty,, we solve 
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max{log y , + A log(1 - ) y} 

giving ^, = (1 - 3). Obviously for ydt 
< 

cty, we don't need to solve for C. Thus, 

C, = I,_ ,min[(1 - 3))yt, ydt]. 

To arrive at the expression for the payout 
policy, return to (29) and substitute in the ex- 
pression for A. The log It- 1 terms drop out, and 
we are left with 

B(p,) = 
E,_-[log min[cy,, yd,] 

+ PA log(y, - min[,ty,, yd,]) 

+ 3B(p,+ 1)lp,]. 

At date t, dt+1 is chosen to maximize B(pt + 1). 
Similarly, at date t - 1, dt is chosen to maxi- 
mize B(pt). Let us focus on this latter problem, 
given that we have the expression for 

B(pt) 
above. 

Suppose we can write the solution for dt as 

d, = Op,. 

Then, substituting in for c, and dropping the 
constant B(pt + 1) gives: 

d, = argmax{E,_ [log min[(l - P3)y,, yd,] 

+ 3A log(y, - min[(1 - P3)y,, yd,])lp,_- ]}. 

0 solves: 

0= argmax{E[log min[(1 - 3)Pt) 
t,yO 1 -E - Pt 

+PA log - - min(1 -p) , ). 
(Pt 

t 

Pt 
y 

Then we note the following useful property: 

LEMMA 4: 

Yt Zt 
Zt 

Pt t A 

Since (z/p,) is an i.i.d. random variable (see 

[2]), (y/pt) is also an i.i.d. random variable. 

Given the lemma, 0 is independent of time t 
state variables, which verifies our guess that dt 
is linear in p,. This completes the proof of 
Proposition 1. 

PROOF OF PROPOSITION 2: 
From the text, we have that 

1 it - I,, Pr 

l 
+ rt it E, 

OtP+ 
l q1 + 

l 
where 

m 
= min((1 - 

tP) 
y2 

y Pt 
'7 

Also note from (10) that 

It 
= y,- min[(1 - P)y,, y0p,]. It- I1 

In the optimal-investment region, y, is 
small, so that 

It 

_ 
= y, - (1 - P)y, = 3y, 

and 

Yt 
Pt 

Then, 

1 P 1 
1 + r - (1 - 

P)ytEt~ 
. rt yt Pt + 

14,t+l1 

Taking logs of both sides, and using the fact 
that q,,+ is i.i.d., we arrive at expression 
(18). 

In the overinvestment region, y, is large, so 
that 

It 

I-1 
- Yt- YoPt = 

et. 

The last relation follows from the definition 
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of retained earnings, e, (see equation [5]), and 
by noting that d, = y p,. Also 

Iqt = ye. 

Then, 

1 et 1 

1[ pt7OEt 
Pt + lIt + 1I 

Taking logs of both sides, we arrive at ex- 
pression (19). 

PROOF OF LEMMA 3: 
From previous expressions we have that 

Ct = It - Ptqt 

Ct+T = It+T-iPt+Tq1t+T 

Now the investment equation is 

1 Yt if yO > (1 - p3) 
I Pt Pt 

SYt 

_ 

if yo (1 - 0) 
Pt Pt 

which can be written more concisely as 

It t= ptI I3yt+ max[ (1 - 3) - YO, O) 

= Pt 
_ 

tt 

where, as we have noted before, (see Lemma 
4), (ytPt) - ,t is an i.i.d. random variable. 
Then, 

s = t+T- s= t+T- 1 

It+ T- I = 
It -I F 

P pS 
. 

s=t s= t PS 

In terms of consumption, 

Ct + 

= It-1 t P p Pt+ + I 

S=t t= P 

Substituting all this back into the interest rate expres- 
sion, (21), gives 

'u' (C +,) 

-• 

= t+7 s= 
t+- 
7 - 

y1St s= +l s = t 
A f+T 

Taking expectations and then logs we arrive at (22). 
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