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In These Slides We…
� Review the basic Poisson model of hockey
� Expand to account for penalty-induced manpower differential
� Calibrate with second-by-second data from the 2008-2012 NHL 

regular seasons (4920 games = 17,712,000 seconds; big data?)
� Report the state-dependent probability of the home team winning 

at any second during a game
� Show that a puck in the net beats four men in the box!
� Show that this is a property of the data as opposed to the model
� Develop new Win Probability Added (WPA) metric for players
� Examine the extent of model/data concordance
� Determine degree of stochastic variation in observed win 

probabilities one should expect based on the model



Poisson Model of Hockey

� Also Morrison (1976), Morrison and Wheat (1986), Erkut
(1987), Nydick and Weiss (1989), …

� Most relevant for us are Washburn (1991; state space), 
Beaudoin and Swartz (2010) and Buttrey, Washburn and 
Price (2011) (manpower dependent goal scoring rates)

The American Statistician, 
31:1, 8-12, 1977



Poisson Model of Hockey
� Let 𝜆 (𝜇) denote the expected number of goals 

scored by the home (away) team in a game, and 
let X (Y) denote the (random) number of home 
(away) goals scored; assume X (Y) independent 
and Poisson

� Home team beats away team in regular time if 
X > Y (home scores more goals)

� But, in hockey can tie in regular time; we’ll 
assume win in overtime/shootout with 
conditional probability 0.5



Poisson Model of Hockey
� Assuming home, away scoring is independent, 

we havePr 𝑋 > 𝑌 = ෍ Pr 𝑋 = 𝑥 Pr {𝑌 < 𝑥}ஶ
௫ୀଵ

� Also, for the probability of a tie we havePr 𝑋 = 𝑌 = ෍ Pr 𝑋 = 𝑥 Pr {𝑌 = 𝑥}ஶ
௫ୀ଴

� Pr{Home Win} = Pr 𝑋 > 𝑌 + 0.5*Pr 𝑋 = 𝑌



Poisson Model of Hockey

� In 2008-09/2011-12 regular seasons (1230 
games/year, 4920 games overall)…

� Average goals/game = 2.75 for the home 
team and 2.47 for the away team

� Poisson model prediction: probability home 
team wins equals 0.547

� Over 4920 games, home team won 2702 or 
54.9%



Poisson Model of Hockey
� But with almost no additional effort, we can 

learn much more from this model
� Let w(x, t) denote the probability that the 

home team wins the game, given that with t
time units remaining in the game, the home 
team leads by x goals (x < 0 means home 
team trails)

� Note that Pr{Home Win} = w(0, 60 mins)



Poisson Model of Hockey



Poisson Model of Hockey



Incorporating Manpower Differential
� Hockey has penalties! Penalized teams lose 

players for 2 minutes (minor, most common), 5 
minutes (major, less common), 10 minutes 
(misconduct), or ejection from game (game 
misconduct)

� Minor penalties can also end with a power play 
goal, major penalties last the full 5 minutes, while 
misconducts are usually accompanied by other 
penalties (minor or major) that create a manpower 
advantage after which the player with the 
misconduct must remain in the penalty box, but 
otherwise the team plays even strength



Incorporating Manpower Differential
� We seek to answer the following question: with 

time t remaining in regulation, what is the 
probability that the home team wins, given that the 
home team leads by x goals while enjoying a 
manpower differential of y players

� Denote this by w(x, y, t)
� Following NHL rules, we only consider manpower 

differentials y of −2, −1, 0, 1, 2
� For convenience we apply a mercy rule at x = +/− 5



Markov Model With 
Manpower Differential

� General model: let 𝜆௫௬௫ᇱ௬ᇱdenote the conditional 
transition rate to state (𝑥′, 𝑦′) from state (x, y)

� Note that transitions can involve scoring, start and end 
of penalties, or both (power play goal ends minor 
penalty)

� Note that real penalties last for a fixed duration unless 
ended by a power play goal (minors)

� In the model, do not keep track of elapsed penalty time



Markov Model With 
Manpower Differential

� Equations for model with manpower differential:

w(0, y, 0) = Pr{OT Win}



Data Description
� The data consist of the regulation clock 

times that goals are scored (home or away) 
and penalties are issued (home or away) for 
the 4920 NHL regular season hockey 
games in the 2008-09 to 2011-12 seasons 
(17,712,000 seconds), along with who won 
the game



Sample Data
� Note that 

need to 
infer end 
of penalty

� e.g. Dallas 
goal at 
9:52… 

� ends NYI 
boarding 
penalty



Data Description
� Convenient to convert two dimensional state (x, y) 

to one dimensional s(x, y)
� Define s(x, y) = 23 + 5x − y

– Tie game/even strength: s(0, 0) = 23
– 2 goal lead/2 men down: s(2, −2) = 35
– 4 goals down/2 men up: s(−4, 2) = 1
– 4 goals up/2 men down: s(4, −2) = 45
– Also set s(5, y) = 46; s(−5, y) = 0

� At end of regulation, home team wins if s > 25, 
loses if s < 21, and OT if 21 ≤ s ≤ 25



Convert Text to Sample Path



Observation: Home Edge
� “…‘officials’ bias’ is the most significant contributor to 

home field advantage.” (Moskowitz and Werthem, 
Scorecasting, 2011)

� Home team averages 2.75 goals/game; away team 
averages 2.47 goals per game; home wins 55% of games

� Home team penalized on average 4.64 times per game; 
away team penalized on average 4.99 times per game 

Manpower State Home Goals/60 mins Away Goals/60 mins

Home Up 2 11.73 0.49
Home Up 1 6.11 0.89

Even Strength 2.49 2.25
Home Down 1 1.00 5.65
Home Down 2 0.58 11.66



Parameter Estimation
� Over all 4920 games, define: 

– τ(s) = total time spent in state s
– n(s,s′) = number transitions from s to s′ ≠ s

� Then 𝜆௦௦ᇱ = ௡(௦,௦ᇲ)ఛ(௦)
� But, allowing arbitrary data-defined 

transitions would require 45 x 45 = 2025 
transition rates; we know most are 
impossible (e.g. 2 goals down man up to 2 
goals up man down in one transition) 



Simplify Transition Rate Structure
� Remove dependence on goal differential of 

starting state; remove impossible transitions

� Leaves 38 λ’s to estimate from 17.7 M seconds



Resulting Win Probability Model



A Puck In The Net Beats 
Four Men In The Box



Focus On 2 Man Advantage States



Must A Puck In The Net Beat 
Four Men In The Box?



A Puck In The Net Beats 
Four Men In The Box…

� …is a property of NHL hockey as opposed to 
a property of the hockey model

� Counterexamples show that were the data 
different (e.g. much higher home team goal 
scoring rate with 2 man advantage), a puck in 
the net would not beat four men in the box

� With actual observed manpower-specific 
goal scoring rates, generally a good idea to 
take a penalty to save a goal!



How Might You Use This?



In Baseball… (fangraphs.com)



In Football… (pro-football-reference.com)



Use Hockey Model To Translate This…



To This!!



Break Down Win Probability By 
Individual Player Contributions (WPA)



Break Down Win Probability By 
Individual Player Contributions (WPA)



Hockey Model Enables 
Computation of Hockey WPA
� Excluding goalie, let

 i
Ht 

1 home team player i on ice at time t

0 otherwise

nHt ∑
i

 i
Ht  number home players on ice at time t

t  home team win probability at time t



Computing Player WPA

� WPA for ith player on home team equals

� Analogous measure for ith away player is

� For all players, E(WPA) = 0 since E(dω(t)) = 0



Example:    



Team WPA Properties
� Total home team WPA satisfies

� Analogous away team WPA satisfies



Team WPA Properties
� Obviously E(WPAH) = E(WPAA) = 0 but to see 

this directly:
– Let p = Pr{Home Win in Reg or OT}
– Let q = Pr{Game goes to a shootout}

� Then
E(WPAH) = p*(.45) + q*(−.05) + (1−p−q)*(−.55)

= p + 0.5*q − 0.55
= 0 (since Pr{Win} = p + 0.5*q = 0.55)



Season Team WPA
� Total team WPA over course of season

�



Observations Versus The Model



Observations Versus The Model



State Occupancy At Uneven Strength



Win Probability By Manpower State



Even Rarer State Occupancy



What Variability Should We 
Expect In Win Probability?

� Focus on some goal/manpower differential state s
at an arbitrary time in game

� Define Ts as total games in that state at that time
� Define Ws as number times home team wins given 

that state at that time
� ps (ws) are (model derived) probability of being in 

state s (conditional probability of winning given s)
� Ts is binomial (4920, ps), while Ws is binomial  

(Ts, ws), and Cov(Ts,Ws) = wsVar(Ts) 



What Variability Should We 
Expect In Win Probability?
� Now define Rs = Ws / Ts as empirical win 

probability (adjustment if Ts = 0)
� Then via delta method, Rs is approximately 

normal with mean ws and variance equal to 
ws(1− ws) / (4920ps)

� Delta method requires assuming that Ts,Ws
are approximately bivariate normal, which 
works providing ps is not too small

� Can always simulate if don’t trust normal 
approximation



Model-Implied Variation in 
Empirical Win Probabilities



Accounting for Variability



Accounting for Variability



Accounting for Variability



Summing Up…
� New Markov model for hockey win probability 

that incorporates penalties/manpower 
differential

� Calibrated for four NHL seasons (4920 games)
� Showed that for NHL, a puck in the net beats 

four men in the box!
� Model can provide in-game win expectancies
� Model leads to new system for estimating 

player WPA


